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ABSTRACT

Relative entropy tuples both in topological and measure-theoretical set-
tings, relative uniformly positive entropy (rel.-u.p.e.) and relative com-
pletely positive entropy (rel.-c.p.e.) are studied. It is shown that a relative
topological Pinsker factor can be deduced by the smallest closed invariant
equivalence relation containing the set of relative entropy pairs. A rela-
tive disjointness theorem involving relative topological entropy is proved.
Moreover, it is shown that the product of finite rel.-c.p.e. extensions is

also rel.-c.p.e..
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1. Introduction

Let (X,B,u,T) be a measure-theoretical dynamical system (for short MDS).
Then the Pinsker factor of (X, B, u,T) is the maximal zero entropy factor of
(X, B, 1, T), which is obtained by the smallest sub-o-algebra containing all finite
partitions with zero entropy. By introducing the notion of entropy pairs, Blan-
chard and Lacroix [BL] obtained the maximal zero entropy factor for any topo-
logical dynamical system (for short TDS), namely the topological Pinsker factor.
For a factor map between two TDSs, Glasner and Weiss [GW2] introduced the
notion of relative topological Pinsker factor (named Pinsker; factor) based on
the idea of u.p.e. and c.p.e. extensions. Later on Lemanczyk and Siemaszko
[LS] defined another relative topological Pinsker factor (named Pinskers factor)
based on the existence of the smallest invariant closed equivalence relation (icer
for short) with certain properties. In [PS] Park and Siemaszko interpreted the
relative topological Pinskery factor using relative measure-theoretical entropy
and the discussed relative product. In [HY2] Huang and Ye introduced the no-
tions of entropy tuples both in topological and measure-theoretical settings and
established the relationship between the notions.

Recently, Huang, Ye and Zhang [HYZ] obtained some local variational prin-
ciples for relative entropy, and generalized the corresponding results in [BGH],
[LW], [Rm] and [GW4]. As a continuation, in the current paper we shall in-
troduce the notions of relative entropy tuples in both topological and measure-
theoretical settings. It turns out that for each n > 2 the set of relative topo-
logical entropy n-tuples is just the union of relative measure-theoretical entropy
n-tuples over all invariant measures, and so the relative topological Pinskers
factor is in fact induced by the smallest icer containing the set of relative topo-
logical entropy pairs. As we think the relative topological Pinskers factor is a
more natural notion than the relative topological Pinsker; factor, we will refer
to it as the relative topological Pinsker factor in the paper.

Based on the notions of relative topological entropy pairs one may define
rel.-u.p.e. and rel.-c.p.e. extensions. The properties of rel.-u.p.e. and rel.-c.p.e.
extensions are studied. It is known that u.p.e. implies weak mixing, c.p.e. implies
the existence of an invariant measure with full support ([B1]), and a u.p.e.
system is disjoint from all minimal systems with zero entropy ([B2]). The above
properties are obtained in the relative case under some necessary restrictions in
the paper. Namely, we show that an open rel.-u.p.e. extension of all orders is
disjoint from any relative minimal and relative zero entropy extension; rel.-c.p.e.
implies that each fibre either is a singleton or fully supported; and an open rel.-
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u.p.e. extension is weakly mixing iff it is weakly mixing of all orders iff the factor
is an E-system. This answers some questions raised in [PS]. Moreover, we show
that the finite product of rel.-u.p.e. extensions (resp. rel.-c.p.e. extensions) has
rel.-u.p.e. (resp. rel.-c.p.e.) iff the factors are fully supported. We remark that
in [G1] Glasner showed that the finite product of u.p.e. systems is also u.p.e.
and our result implies that the finite product of c.p.e. systems is also c.p.e.

This paper is organized as follows. In section 2, the notion of relative topolog-
ical entropy tuples is introduced and a relative disjointness theorem involving
relative topological entropy is obtained. In section 3, the set of relative entropy
tuples in a measure-theoretical setting is introduced and characterized. In sec-
tion 4, the relationship between the set of relative topological entropy tuples
and the set of relative measure-theoretical entropy tuples is established, and
the relative topological Pinsker factor is interpreted. In section 5, rel.-c.p.e. is
studied and characterized and in section 6, rel.-u.p.e. is carefully studied. In the
final section, the finite product of rel.-u.p.e. and c.p.e. extensions is investigated.
Moreover, in the appendix the relationship between relative topological entropy
pairs and asymptotic pairs is discussed.

2. Relative topological entropy tuples and relative disjointness

Throughout this paper, by a topological dynamical system (X,T) we mean a
compact metric space X endowed with a self-homeomorphism 7'. In this section
the notion of relative topological entropy tuples is introduced and a well-known
disjointness theorem involving entropy is generalized to the relative case. For
this purpose, we first need to introduce some notation. For a given a TDS
(X,T), a cover of X is a finite family of Borel subsets of X, whose union is
X. Denote the set of covers by Cx and the set of open covers by C%. Given
U,V € Cx, U is said to be finer than V (write V < U), if each element of U is

contained in some element of V.
Let (X,T) and (Y, S) be two TDSs. A continuous map 7: (X,T) — (Y, 5) is
called a homomorphism or a factor map between (X, T) and (Y, S) if it is onto

and 7T = S7. In this case we say (X, T) is an extension of (Y,S) or (Y,5) is a
factor of (X, T). If in addition 7 is not one-to-one, then it is called nontrivial.

Let 7: (X,T) — (Y, S) be a factor map between TDSs and U € Cx. For E C
X, we define N(U, E) as the minimum among the cardinalities of the subsets
of Y which cover E, and define N(U|r) = sup,cy N(U, 7 '(y)). Since the
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sequence {log N(\/;-, ' T=i{|7)} is non-negative and sub-additive, the quantity

n—1 n—1
hiop (T, U|T) = hm — logN( \/ T lU|7T) = 1nf — logN( \/ T 1U|7T)
=0 =0

is well-defined, and is called the relative topological entropy of U relevant to .
The relative topological entropy relevant to w is defined by

hiop(T'|) = sup hiop (T, U|m).
uecs
When (Y, S) is trivial, we recover the classical topological entropy (see [DGS],
[W]), and in this case we shall omit the restriction on .

Now, we are going to define the relative topological entropy tuples (r.t.-
entropy tuples, for short). Let m: (X,T) — (Y,S) be a factor map between
TDSs and n > 2. Set X" = X x --- x X (n-times), T = T x --- x T
(n-times), A, (X) = {(z;)} € XMz, = - = x,}, the n-th diagonal of X. We
also write Ax = Aq(X).

Let (z;)7 € X™ \ A, (X) and U € Cx; we say U is an admissible cover with
respect to (z;)7, if for any U € U, U 2 {x1,22,..., 20}

Definition 2.1: Let m: (X,T) — (Y,S) be a factor map between TDSs, and
n>2. (2;)} € XM\ A,(X) is called a r.t.-entropy n-tuple relevant to m, if for
any admissible cover U with respect to (z;)7 we have hyop (T, U|T) > 0.

Remark 2.2: Tt makes no difference if we replace all admissible covers by admis-
sible open covers or admissible closed covers in the above definition. Moreover,
we can choose all covers to be of the form ¢ = {Ux,...,U,}, where Uf is a
neighborhood of z; such that U N Us = 0 when z; # x;,1 <i<j<n.

For each n > 2, denote by E,(X,T|r) the set of all r.t.-entropy n-tuples
relevant to w, and write it as E,(X,T) or E,(X) when (Y, 5) is trivial. Let
R = {(z:)} € XM |n(zy) = -+ = 7(xn)} (denoted by R, when n = 2). Tt is
easy to see that E, (X, T|r) C R \ A, (X), since for each (z;)} € X ™ \R,(Tn)
there is an admissible open cover of the form {7=1(Y7),..., 7 1(Y,,)} which has
relative zero entropy relevant to 7, where Y7,...,Y,, are some open sets of Y
with 2 < m < n. Following the ideas in [B2], we have

PROPOSITION 2.3: Let m: (X, T) — (Y, 5) be a factor map between TDSs and
n > 2.
1: Suppose that U = {Ui,...,U,} € C% satisties hyop(T,U|m1) > 0. Then
there exists (x;)} € En(X,T|m) such that z; € Uf,i=1,...,n
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2: If hyop(T|m) > 0, then m C X™ is a nonempty in-
variant closed subset (i.e. T (E,(X,T|r1)) = E,(X,T|r1)). Moreover,
E (X, T|m)\ An(X) = B, (X, T|my).
3: Let ma: (Z,0) — (X, T) be a factor map between TDSs. Then
(1) B, (X, T|m1) Cmex- - X7a(En(Z,0|mms)) C Ep(X, T|m )UA,(X).
(2) E,.(Z,0|r2) C E,(Z,0|mim2).
4: Suppose that (W, Tw) is a sub-system of (X,T) and ms: W — mq (W) is
the map determined by m1. Then E, (W, Tw|ns) C En(X,T|m).

The notion of disjointness of two TDSs was introduced in [F]. Blanchard
proved that any u.p.e. system was disjoint from all minimal systems with zero
entropy (Proposition 6 in [B2]). In the remaining part of this section, we shall
prove a relative version of the result. We start with some notions.

Let m: (X,T) — (Y,S) be a factor map between TDSs. U € C% is called
non-dense-on-fibre, if there is y € Y such that 7~ !(y) is not contained in any
element of I which consists of the closures of elements of ¢/ in X. Clearly, if
U = {U1,Us} € C% is non-dense-on-fibre, then 7(Uy) N mw(Uz) # 0.

Definition 2.4: Let m: (X,T) — (Y,S) be a nontrivial factor map between
TDSs.

(1) Let n > 2. Say (X,T) or 7 has rel.-u.p.e. of order n (relevant to ),
if any non-dense-on-fibre open cover of X by n-sets has positive relative
topological entropy. (When n = 2, we say simply 7 or (X,T) has rel.-
u.p.e.)

(2) Say (X,T) or w has rel.-u.p.e. of all orders (relevant to w) or relative
topological K if any non-dense-on-fibre open cover of X by finite sets has
positive relative topological entropy, i.e. it has rel.-u.p.e. of order n for
any n > 2.

It is not hard to show that, for all n > 2, m has rel.-u.p.e. of order n
ifft E,(X,T|r) = R \ A, (X). Moreover, 7 has relative topological K iff
En(X,T|7) = R{\ An(X) for any n > 2.

Let mx: (X,T) — (v,S) and 7z: (Z,R) — (Y,S) be two factor maps, and
m: X X Z — X, my: X X Z — Z be the projections. J C X x Z is called
a joining of (X,T) and (Z, R) over (Y,S) if J is closed, T' x R-invariant with
m(J) =X, ma(J) = Z and m1 x mo(J) = Az(Y). Define

Xxy Z= ] r' ) x 7, ().
yey
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Clearly, X xy Z is a joining of (X,T) and (Z, R) over (Y,S). Say (X,T) and
(Z, R) are disjoint over (Y, .S) if X xy Z contains no proper sub-joining of (X, T)
and (Z, R) over (Y, 5).

Let m: (X,T) — (Y,5) be a factor map. Say w is minimal if X is the only
closed T-invariant subset with m-image Y; and 7 is open if the m-image of any
open subset is open. The proof of the following theorem is close to that of
Proposition 6 in [B2].

THEOREM 2.5: Let nx: (X,T) — (Y,S) and 7z: (Z,R) — (Y, S) be two factor
maps with mx open. Suppose that mx has relative topological K, 7wz is minimal
and hiop(R|mz) = 0. Then (X,T) and (Z, R) are disjoint over (Y, .5).

Proof: Let J C X Xy Z be any given joining of (X,T) and (Z, R) over (Y, 5).
Set J(z) = {z € Z: (x,z) € J} for each x € X. Fory € Y, let J*(y) =
ﬂwﬁ;l(y) J(x). We claim
(i) J*(y) is a nonempty closed subset of Z for each y € Y.
(il) RJ*(y) = J*(Sy) fory €Y.
(iii) Let y, € Y and z, € J*(y,) be such that y,, — yo and z, — 2o for some
yo €Y and z9 € Z. Then 29 € J*(yo).

Proof of Claim: (i) Fixy € Y. Since J(z) is compact for any = € X, it remains
to show (i, J(z;) # 0 if z; € 71')_(1 (y), it = 1,2,...,n. Assume the contrary,
that there exists {z;}} C 7y (y) with (_, J(z;) = 0. Clearly, (z;)7 & An(X).
Since mx has relative topological K, it follows that (z;)} € E,(X,T|7x), and so
there exists (z;)} € Z(™ such that (x;,2;)} € E,(J,T x R|rxm) and 77(21) =

- = mz(2n) = y (by Proposition 2.3). Since (i, J(z;) = 0, we deduce that
(z:)7 ¢ An(Z) and so (2;)} € En(Z, R|mz) (by Proposition 2.3 and the fact of
Tx T = TzT2), a contradiction to the assumption of hop(R|mz) = 0. This ends
the proof of claim (i).

(ii) is obvious. Now we show (iii). Let y, € Y and z, € J*(y,) be such that
Yn — Yo and z, — zg. Since Ty is an open extension, the map y +— 7r;(1 (y)
is continuous. Now we show that zg € J*(yg). For any zg € w;(l(yo), the
continuity of the map y — 7T)_<-1 (y) implies that there exists z,, € W)_(l(yn) with
X — Zo. Since z, € J(x,) and the map x — J(x) is upper semi-continuous,
zo = lim z,, € J(x). Since zq is arbitrary, zg € J*(yo). This ends the proof
of the claim.

In order to prove that (X, T) and (Z, R) are disjoint over (Y, .S), it is sufficient
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to prove J = X xy Z. Put

J=Jrx' () x J(y) ST C X xy Z.
yey

By Claim (ii) and (iii), J’ is closed and T x R-invariant. Then by claim (i),
J*(y) # 0 for any y € Y. Moreover m1(J') = U, ¢y ' (y) = X.

Note that ma(J’) is a closed R-invariant subset of Z and mzma(J') =
mxm(J') = 7x(X) = Y; we deduce m2(J') = Z from the minimality of 7.
Since m2(J') = Uyey J*(y) and J*(y) € 7, (y), we get J*(y) = 7, (y) for all
y € Y. This implies

I =J=J ') x7, (y) = X xv Z,

ie. (X,T) and (Z, R) are disjoint over (Y, 5). |

Remark 2.6: The statement is similar to Proposition 4.2 in [GW2] but does
not coincide with it. In fact, none of them is essentially contained in the other.

3. Relative measure-theoretical entropy tuples

In this section, the notion of relative entropy tuples in the measure-theoretical
setting is introduced, basic properties are discussed and the structures of relative
measure-theoretical entropy tuples are studied. Moreover, a direct proof of the
lift-up property is presented.

Given a TDS (X, T), we shall denote by B(X) the o-algebra of Borel subsets
of X. Let M(X), M(X,T) and M¢(X,T) be the collection of all probabil-
ity measures on B(X), T-invariant elements of M(X) and ergodic elements of
M(X,T), respectively. Then M(X) and M(X,T) are both convex, compact
metric spaces when endowed with the weak*-topology. Let u € M(X,T); then
(X,B(X), 1, T) is a measure-theoretical dynamical system.

A finite partition of X is a cover of X whose elements are pairwise disjoint.
Denote the set of finite partitions by Px. For any given o € Px, p € M(X)
and any sub-o-algebra C C B(X), set

Hy(o) = > —p(A)log u(A)

and

Hy(al) = 3 [ ~B(1AI0) g B(LAC)a
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where E(14|C) is the conditional expectation of 14 with respect to C. One
standard fact states that H,(«|C) increases with respect to a and decreases
with respect to C. Moreover, if 4 € M(X,T) and C is T-invariant, then the
sequence {H,, (/" T~'a|C)} is non-negative and sub-additive, and so we can
define

n—1
hu(T,a|C) = lim Ly < \ T—ia|c> = mf - \/ T~ 'alC).
1=0

n—oo N n> 17’L

Now, for any given factor map, let us introduce the concept of measure-
theoretical conditional entropy for all finite Borel covers (see [HYZ] for more
details). Let 7 (X,T) — (Y,S5) be a factor map between TDSs. For any
given u € M(X,T) and U € Cx, define the p-measure conditional entropy of U
relevant to ™ by

h (T, U|7) = inf  h,(T,alr 'B(Y)).

a€Px, arxlU

The p-measure conditional entropy relevant to w is defined by

hu(T|m) = sup h,(T,alx 'B(Y)).

aEPx

The relative variational principle ensures that heop (T'|7) =sup,,e pe (x,7) o (T'])
(see [LW], [DS] or [HYZ)).
The following results were proved in [HYZ].

THEOREM 3.1: Let m: X — Y be a factor map between TDSs and p €
M(X,T).
1: If we set H,(V|r) = infaepy: arv Hyu(a|m1B(Y)) for each V € Cx, then

n—1

(3.1) h (T, UlT) = inf 1 <\/ T- 1L{|7r>

neN

2: Let p= [, podm(w) be the ergodic decomposition of p; then

(3.2) (T, Ul ) = / o (T, Ul)dm(w).
Q
3: h,(T,U|T) < hiop(T,U|m) and when U € C%

: hy (T - h(T = hyop (T, U| 7).
(33) e u(T,U|m) L w(TUIT) = hiop (T, U|T)
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Definition 3.2: Let m: (X,T) — (Y,S) be a factor map, p € M(X,T), n > 2
and (z;)} € XMW\ A, (X). ()} is called a relative measure-theoretical en-
tropy n-tuple for p (r.m.-entropy tuple for p, for short) relevant to m, if for any
admissible cover I with respect to (x;)? we have h,(T,U|m) > 0.

For each n > 2, denote by EX(X,T|r) the set of all r.m.-entropy n-tuples for
p relevant to m and write it as E#(X,T) or E#(X) when (Y, S) is trivial. Asin a
topological setting, by similar reasoning we obtain E#(X,T|r) C R \ Ap(X).
In order to make clear the structure of E¥(X, T|r) and the relationship between
EX(X,T|r) and E,(X,T|r), we shall make some preparations. First, let us
recall the concept of relative Pinsker o-algebra which is a generalization of the
classical Pinsker o-algebra (see [Z] for more discussions).

Let (X,T) be a TDS, p € M(X,T) and A a T-invariant sub-o-algebra of
B(X). The relative Pinsker o-algebra P, (A) is defined as the smallest o-algebra
containing {¢ € Px: h,(T,¢|A) = 0}. Then P,(A) is a T-invariant o-algebra
which contains P, U A where P, is the classical Pinsker o-algebra of the system
(X,T). In fact, the classical Pinsker formula still holds for the relative Pinsker
o-algebra, and

(3.4) =V ﬂ mET VA

£ePx n=0

Thus P,(A) is just P, when A = {0, X'}. Moreover, let £ € Px; we have

Hu (€16 v Pu(A) = Hu(€lE™ Vv A) = hu(T, €| A).

LEMMA 3.3: Let (X,T) be a TDS, pp € M(X,T) and A a T-invariant sub-o-
algebra of B(X). If ¢ € Px, then

Jim B, (T*,614) = Hu(€[Pu(A).

Proof:  Obviously limsup,,_, . h,(T*, €| A) < H,,(£|P,(A)). On the other hand

+oo
lim inf h(T* €| A) = lim inf H), <g| \/ Tev A)

n=1
+oo
> tiiut 1,676 vA) > 1, (6 (7€ V)
n=0

> H,(€|Pu(A)  (by (3.4)).

That is, limg—cc hyu(TF, €| A) = H, (€| Pu(A)). |
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Let n € N and A be a given T-invariant sub-o-algebra of B(X); we define a
new invariant measure \;A(1) on the product space X (™ which is determined
completely by

Aﬁ(u)(f{l/xi) -/ i]f[lEuAi

where Ay,..., A, € B(X). The following lemma is fundamental in the study of
the structure of EX#(X,T|r) which links EX(X,T|r) with A2 (1) (letting A =
77 1B(Y)), and the proof follows the ideas of the proofs in [G1] and in Lemma
4.3 and Theorem 4.6 of [HY2].

Pu(A))(z)dp(x),

LEMMA 3.4: Let m: (X,T) — (Y,S) be a factor map between TDSs, p €
M(X,T) and U = {Uy,Us,...,U,} € Cx. Set A = 7 'B(Y). Then the
following are equivalent:

1 hy(T,U|T) > 0;

2: for any o € Px, finer than U as a cover, one has h, (T, a|A) > 0;

8 XA ([T, UF) > 0.

Proof: From the definitions it is clear that 1 = 2.

Let us turn to the proof of 2 => 3. First assume that A7 (u)([[;, Uf) = 0
and h, (T, a|A) > 0 for all a € Px, finer than U as a cover.

For each 1 <i <n, let C; = {z € X : E(1ye|P.(A))(z) > 0} € P,(A). Since

p(US\C) = Vs (X C) = [ o, B B () @tz) =0,

it implies w(US \ C;) = 0, and so D; € P,(A) and D{ C U;; here D; =
for all s = (s(1), 5(2), ..., s(n)) € {0, 11" and D} = (L, D) 1 (U \ U, V)
for 5 =1,...,n. Consider

a={D,:s5€{0,1}" and s#(0,0,...,0)}U{D}, D2,...,Dy} € Px.
Note that as a cover, « is finer than U, and so h, (T, a|A) > 0.

On the other hand, by the definitions of C1,...,C,, we have u(; D;) =
1(Ni=; Ci) and

0= A,’f(u)(ﬁlUE) -/ ﬁwwmmnummw

= E ¢
/mlc [[=a

tg=1

Bu(A) (@) dp(x).
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Thus, u(Ni, Di) = u(Ni=, C;) = 0 and so D, D3,...,Dy € P,(A). Obvi-
ously, Dy € P,(A) for each s € {0,1}" \ {(0,0,...,0)}. That is, each element
of a belonged to P,(A), and so h,(T,a|A) = H,(a|a™ V P,(A)) =0, a contra-
diction.

It remains to prove 3 = 1. Since

4 u)(f[lUf) -/ if[lEaUﬂPM(A))(x)du(x) -0

there exists M € N such that pu(Dys) > 0, where

Dy ={z € X : min E(lye|P,(A))(z) >1/M} € P,(A).

1<i<n

For any s = (s(1),s(2),...,s(n)) € {0,1}", set Ay = (i, Ui(s(¢)) where
U;(0) =U; and U;(1) = X \ U;. Let a = {A; : s € {0,1}"}. Take

€= M(ZM)log(nill) > 0.

Similar to the claim of Theorem 4.6 in [HY2], we have

Cram: H,(a|BV P,(A)) < H,(a|P,(A)) —¢, for all 3 € Px, finer than U as

a cover.

Lemma 3.3 makes it possible to choose some [ € N with
(3.5) BT 0l A) > H,(al P (A) = ¢/2

Set S =T'. Let B € Px with 3 >=U. For all k> 1, one has
k—1 . k—1 ]
1,V s701a) 2,V 576 v an)
=0 =0
k—1 . k—1 ]
- Hu( \/ Sl \/ STiBv PH(A))
k—1
( \/ S~ia|P,(A ) > Hu(ST'alSTBV Pu(A)
=0

H( Y, S-ia|Pu<A>) — K(H(alPu( ) — o).
i=0
Dividing by k£ on both sides and letting £ — 400 we get

B(S, B14) > (S, A) — H, (ol Pu(A) +2 > €/2 (by (3.5).
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Then

ha(T U= i (T, BlA)> inf  (1/0h,(S,6lA) > /2> 0. B

f
BEPx,B-U Px.BzU

Remark 3.5: From 1 & 2, it is easy to see that (z;)7 € E¥(X,T|r) iff for any
admissible partition « with respect to (z;)} we have h, (T, a|r) > 0.

For n > 2 we write AT (u) = Af;lB(Y)(u). As an application of Lemma 3.4,

one has
COROLLARY 3.6: Let m: (X,T) — (Y,S) be a factor map between TDSs and
we M(X,T). Then for each n > 2
EL(X, T|m) = supp(A7 (1) \ An(X).
Then by using (3.2), Lemma 3.4 and Corollary 3.6, we can get the following
ergodic decomposition of r.m.-entropy tuples:

THEOREM 3.7: Let m: (X,T) — (Y,S5) be a factor map between TDSs and
pe MX,T). If p= [, pwdm(w) is the ergodic decomposition of yi, then

1: Bt (X,T|m) C E¥(X,T|n) for alln > 2 and m-a.e. w € ).

2: If (z;)} € E¥(X,T|n), then for any neighborhood V; of z; (1 <1i<n)

m<{w € Q|f[1Vi NEM (X, T|r) # (b}) > 0.

Thus for an appropriate choice of Q) we can require

B (X, T|7) s w € QF \ An(X) = B4(X, T|r).

One can prove the lift-up property of r.m.-entropy tuples following the proof
of Theorem 5 in [BGH]. Here we shall present a direct proof. First we need

LEMMA 3.8: Let m: (X,T) — (Y, S) be a factor map between TDSs. For each
m e M(X) and V € Cx, we set Hy,, (V) = infaecpy,arv Hn(a), P(V) = {8 €
Px : v(V) = B = V}, where v(V) € Px is the partition generated by V. If
UeClx, pe MX,T) and p = [, pydv(y) is the disintegration of y over
v=mue M(Y,S), then
mim) = [ B, @0i) = [ min 5, (@)dv(y)

Proof: Let W be a compact metric space and W € Cy. Let v(W) be the
partition generated by W and put P(W) = {a € Pw : y(W) = o = W}, which
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is a family of finite many partitions. Set H,,(W) = inf,cpy amw Hm(a) for
any Borel probability measure m on W. It is well-known that (see also the proof
of Proposition 6 in [Rm])

Assume P(U) = {B1, B2, ..., [} and put

Ai={yeY :H, (6:)= génpi&)H“y(ﬁ)}’ ie{1,2,...,1}.
Let By = Ay, By = Ay \ By,..., B = A;\ (U2} Bi) and By =Y \ (U'_; 4).
Set B* = {m Y Bo) NS} U{r Y (B;)NGi:i=1,...,01}. Then g* € Px
and * = U. Clearly, when i € {1,2,...,1}, for v-a.e. y € By, H, (8") =
H,, (B;) = minge pasy Hy, (8) = Hy, (U) (the latter identity follows from (3.6)).
As v(By) = 0 (by (3.6)), we have H, (%) = H,, (U) for v-a.e. y € Y. Moreover,

L im) < B3 7 B0) = [ By (0)dvt) = [ min 1, (8)iv )

< b /Y H,, (ﬂ)dV(y):ﬂeggfﬂtu H, (87~ B(Y)) = H,(Ulr).

That is, H,(U|r) = [, H, (y) = [y mingepey Hy, (B)dv(y). This ends
the proof. |

Then we have

PROPOSITION 3.9: Let m1: (X,T) — (V,S5) and ma: (Y,S) — (Z,R) be two
factor maps between TDSs. Suppose n > 2, p € M(X,T) and v = mu €
M(Y,S). Then
1: Suppose (z;)7 € EX(X,T|mom) and y; = mi(x;),e = 1,...,n. If (y,)7 ¢
A, (Y), then (y;)7 € Ey (Y, S|m2).
2: Suppose (y;)7 € EX(Y,S|m2). Then there exists (x;)7 € EF(X,T|mam)
such that y; = m1(x;),i=1,...,n

Proof: 1 is clear by definition. Now we show 2. Assume (y;)?" € EX(Y, S|m2).
Let V € Cy be fixed. We claim: H, (7' (V)|mam) = H,(V|r2).

Proof of Claim: Set § = muv € M(Z,R). Let p = [, p.dd(z) and v =
f , V2dB(z) be the disintegration of y and v over 6, respectively. Since m; u =v,
it is easy to see that 7y, = v, for f-a.e. z € Z. Note that P(r; 'V) = ny ' P(V);
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one has

1

H,(n7 (V) |mom) = /Z min  H,, (a)df(z) (by Lemma 3.8)

aEP(Tr; V)
= i H ~1 d9 == i HTr de
_ H,_ (8)d8(z) = H,(V by Lemma 3.8).
3 92 Mo (O10(2) = HulVl) (b Lemme 5.5

This ends the proof of the claim.

For each sufficiently large m € N, choose a closed neighborhood V; of y; such
that the diameter of V; is at most = (i = 1,...,n) and ﬂ? 1V— = 0. Set
V =A{V¢...,V} € C%. By Claim, for peN H,(V:, LT (V) mam) =
Hl,(\/f:_o1 S~V|my). Dividing by p on both sides and 1ett1ng p — 400, one
has h,, (T, 7 (V)|mam1) = hy(S, V]me) > 0 using (3.1) and (y;)} € EX(Y, S|ms).
Then by Lemma 3.4, A72™ (1) ([T, 71 ' (V;)) > 0. Therefore,

supp(Am2™ (1)) N H a1 (Vi) # 0.
Since ;—; V; = 0, one deduces
E¥(X,T|mom1) 2 supp(An2™ () N HW Vi) #0 (by Corollary 3.6).

Particularly, there exists (")} € EM(X,T|mem) such that 2/ € 77 (V)
(t = 1,...,n). Say (x;)7 is a limit point of (z/")}; clearly y; = m(z:),
i = 1,...,n and by Proposition 2.3 one has (z;)} € E¥(X,T|mom). This
just completes the proof. |

4. The variational relation of relative entropy tuples and relative
topological Pinsker factor

In this section, it is proved that the set of r.t.-entropy tuples is just the union of
r.m.-entropy tuples over all invariant measures, and so the relative topological
Pinsker factor is in fact induced by the smallest icer containing the set of r.t.-
entropy pairs. As a by-product it turns out that an asymptotic or a distal
extension does not increase topological entropy.

THEOREM 4.1: Let m: (X,T) — (Y,S) be a factor map between TDSs. Then
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1: For eachn > 2 and p € M(X,T)
En(X, Tlr) 2 BA(X, Tlr) = supp(AT (1)) \ An(X
2: There exists p € M(X,T) such that for each n > 2

En (X, T|m) = EL(X, T|m) (= supp(A7 (1)) \ Ln (X))

Proof: 1. Let (x;)} € EM(X,T|m) = supp(AT (1)) \ An(X). It is sufficient
to show hop(T,U|m) > 0 when U = {Uy,...,U,} € C%, where Uf is a closed
neighborhood of z;,1 < i < n. Since AT (u)([T;—; Uf) > 0, we deduce from (3.3)
and Lemma 3.4 that

hiop(T,U|T) > hy(T,U|T) > 0

2. By part 1, it is enough to find some p € M(X, T) such that F,, (X, T|r) C
EX(X,T|m) for all n > 2. Let n > 2 be fixed. First we claim:
For any point (x;)7 € E,(X,T|r) with U; being the neighborhood of x;,
i=1,...,n, there exists v € M(X,T) such that E%(X,T|m) N[, U; # 0.

Proof of Claim: Without loss of generality, assume that U; is a closed neigh-
borhood of z; with U; N U; = @ when z; # x; and U; = U; when z; = x;,
1<i<j<n. LetUd ={Uf,U5,...,U:}. Thus hiop(T,U|T) > 0. Moreover,
(3.3) ensures h, (T, U|m) = hop(T,U|T) > 0 for some v € M(X,T). Then
A ()1, Us) > 0 (by Lemma 3.4), i.e. supp(Ar(v)) N[, U # 0. Since
[T, Ui N Ap(X) = 0, from Corollary 3.6 we have EX(X,T|m) N[, U; # 0.
This ends the proof of the claim.

Now choose a dense sequence {(2*)? : m € N} in E, (X, T|r) with (")} €
EM (X, T|r) for some ™ € M(X, T) Let p = Y02 sir (04 o) €
M(X,T). Note that if u,v € M(X,T),a € (0,1), then for any a € Px

(4.1) haps(1—ay (T, a|m) = ahy (T, a|r) 4+ (1 — a)h, (T, o).

Thus for n > 2,m € N, E,‘:ZL (X,T|r) C EX(X,T|rn) follows from (4.1). More-

over,

En(X, Tlm) = {(27")1 : m € N} \ An(X) € supp(A; (1) \ An(X) = EL(X, T'm).

The conclusion is now deduced. [ |

Let m: (X,T) — (Y, S) be a factor map between TDSs. (Z, R) is called a factor
of (X, T) with respect to (Y, S) if there exist factor maps m: (X,T) — (Z,R)
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and mo: (Z, R) — (Y, S) between TDSs such that 7 = m2 o 7. In this case, we
say that (Z, R) is proper if 72 is nontrivial.

Relying on the foregoing discussions, now it is time to mention the existence
of the relative topological Pinsker factor for any given factor map.

Let m: (X, T) — (Y, 5) be a factor map between TDSs. Based on the ideas of
u.p.e. and c.p.e. extensions, in [GW2] Glasner and Weiss introduced the relative
topological Pinsker; factor (X,,T) and proved that (X, T) and (Y, S) have the
same topological entropy, where (X, T) is the TDS generated by the smallest
icer containing F2(X,T)N R, (that is, (X, T) is the “greatest” topological fac-
tor between (X,T') and (Y, .S) whose fibers contain no entropy pairs). Later on
in [LS] Lemanczyk and Siemaszko presented another approach leading to the
definition of the relative topological Pinskery factor. Let P be the smallest icer
contained in Ry with hy,(Xp,T) = hrpu(Y,S) for all p € M(Xp,T), where
(Xp,T) is the system generated by P and wp: (Xp,T) — (Y, S) denotes the nat-
ural homomorphism. Moreover, it is shown in [LS] that the systems (Xp,T') and
(Y, S) also have the same topological entropy. It turns out that (X, T) is always
a factor of (Xp,T). Just after [LS], in [PS] Park and Siemaszko interpreted the
relative topological Pinskery factor using relative measure-theoretical entropy
and proved that P was just generated by U,caq(x,r)Supp(A3 (). Thus by
Corollary 3.6 and Theorem 4.1, the relative topological Pinskers factor is just the
factor induced by the smallest icer containing E»(X, T'|7), the set of r.t.~entropy
pairs. That is, (Xp,T) is the “greatest”topological factor between X and Y
whose fibers contain no r.t.-entropy pairs. It implies that hyop(Xp|mp) = 0, and
consequently (Xp,T) and (Y,S) have the same topological entropy.

By using some known theorems we can show (see, for example, [HY2], or
Lemma 3.1 in [DYZ])

PROPOSITION 4.2: Let 7: (X,T) — (Y, S) be a factor map between TDSs and
w€ M(X,T) with hy,(T|m) > 0. Then A} (p) is ergodic and A7, (1) (A, (X)) = 0,
Vn > 2.

Remark 4.3: For each n > 2, (2;)} € E,(X,T|r) is called intrinsic if z; # x;
when ¢ # j. Denote by ES(X,T|r) the set of all intrinsic r.t.-entropy n-tuples.
Then following the proof of Theorem 6.5 in [HY?2] and using the corresponding
results obtained in this paper (including Proposition 4.2) one can show that
En(X,T|7T):m\An(X) for all n > 2. In particular, if hyop(T|7) > 0,
then ES(X,T|n) # 0 for each n > 2. Moreover, following the proof of Lemma
4.1 in [DYZ], one can prove that there is an uncountable subset K of X such
that each tuple from K is a r.t.-entropy tuple.
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We now apply Proposition 4.2 to show that an asymptotic or a distal extension
does not increase entropy. First we need some notions. Let (X,T) be a TDS
and d be the metric on X. A pair (z,y) € X® is called asymptotic (resp.
distal) if lim, 4 oo d(T™z, T"y) = 0 (resp. liminf, ;o d(T"x,T"y) > 0) and
the pair (x,y) is proper if © # y. Denote by AP(X,T) and D(X,T) the set of
all asymptotic pairs and distal pairs of (X, T), respectively; then AP(X,T) is
a T x T-invariant Borel subset of X(?). A factor map m: X — Y is asymptotic
(resp. distal) if R, C AP(X,T) (resp. R; \ A2(X) C D(X,T)). We have

THEOREM 4.4: Let m: (X,T) — (Y, S) be a factor map between TDSs. If 7 is
asymptotic or distal, then hiop(T|m) = 0 and thus hop(T') = hiop(S).

Proof: It follows from Theorem 4.2 in [Z]. But here we present a direct proof
of it using Proposition 4.2.

Assume first that 7 is asymptotic. Then R, CAP(X,T), and so Eo(X,T|7) C
R, C AP(X,T). We claim that Fo(X,T|r) = (). Assume the contrary that
E5(X,T|m) # 0. Then the relative variational principle ensures that there is pu €
Me(X,T) with h,(T|r) > 0. It follows by Proposition 4.2 that A5 (p) is ergodic
and AJ(p)(Az2(X)) = 0. Thus, supp(A](r)) is a transitive system, properly
contains Ay(X). This implies that there is a pair in supp(A\j (1)) \ A2(X) C
E>(X,T|n) which is not asymptotic, a contradiction. So Eq(X,T|m) = 0. It
follows that hop(T'|7) = 0 and hop(T") = hiop(S)-

When 7 is distal, the same proof works. |

5. Relative c.p.e. extensions

In this section, we shall define rel.-c.p.e. extension based on the notion of r.t.-
entropy pairs. The main result of this section is Theorem 5.4, which says roughly
that for a rel.-c.p.e. extension, each fibre either is a singleton or is fully sup-
ported.

Definition 5.1: Let m: (X,T) — (Y,S) be a nontrivial factor map between
TDSs. We say © has relative completely positive entropy (for short rel.-c.p.e.)
if (Z, R) has positive relative topological entropy with respect to (Y, S) for any
proper factor (Z, R) of (X, T) with respect to (Y,S). In this case, we also say
that (X,T) has rel.-c.p.e. with respect to (Y, .5).

Remark 5.2: 1t is clear that rel.-u.p.e. implies rel.-c.p.e. Properties of rel.
-u.p.e. and rel.-c.p.e. are both stable under factor maps. Precisely, let
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m (X, T) — (Y,S) be a given factor map between TDSs, if m has property
P (P denotes one of the properties: rel.-u.p.e. and rel.-c.p.e.) and (Z,R) is a
proper factor of (X,T) with respect to (Y,S); then (Z, R) also has property
P with respect to (Y, S). Note that rel.-u.p.e. (resp. rel.-c.p.e.) recovers u.p.e.
(resp. c.p.e.) introduced in [B1], when (Y, S) is trivial.

A rel.-c.p.e. extension can be characterized as follows.

PROPOSITION 5.3: Let m: (X,T) — (Y,S) be a nontrivial factor map between
TDSs. Then (X,T) has rel.-c.p.e. with respect to (Y,S) iff R, coincides with
the icer generated by Eo(X,T|m) U Ax(X).

Proof: Let R be the icer generated by Eq(X,T|m) U Ag(X). Clearly, R C R;.
Let m: (X,T) — (Z,0) be the factor map determined by R. Since R C
R, there exists an extension my: (Z,0) — (Y, 5) such that mamy = 7. By
Proposition 2.3, hop(#|m2) = 0. Hence if (X, T) has rel.-c.p.e. with respect to
(Y, S), then my is trivial and so R = R,.

Conversely, assume R = R,. Then m = 7. For any proper factor (Z, R) of
(X,T) with respect to (Y, 5), let 6;: (X,T) — (Z,R) and 6s: (Z,R) — (Y, S)
with 6261 = 7. Now we show that hyop(R|62) > 0, which implies 7 has rel.-c.p.e.
If not, then we have hiop(R|02) = 0. Hence E>(Z, R|f2) = 0. By Proposition
2.3, 61 x 01(Ex(X,T|7)) C Ax(Z). Hence E2(X,T|m) U Ay(X) C Rp,. Since
Ry, is an icer on X, so Ry, 2 R. This implies Ry, = Ry, i.e. 8 = m. Moreover,
0> is one-to-one, a contradiction. [ |

Let (X,T) be a TDS and u € M(X,T). Recall that supp(u) stands for
the support of u, and when supp(p) = X, we say pu has full support. Denote
UueM(X,T) supp(u) by supp(X,T), and note that there is p € M(X,T) with
supp(X,T) = supp(p). It is known that if (X,7T) has c.p.e., then for any
nonempty open subset U C X there exists p € M(X,T) such that u(U) > 0,
and so supp(X,T) = X (see Corollary 7 of [B1]). In the following, we shall
generalize the result to the relative case.

Let m: (X,T) — (Y,S) be a factor map between TDSs. Then 7 induces
™ M(X,T) - M(Y,S) where n*(u) = mu. Moreover, 7* is surjective and
for any p € M(X,T), supp(ru) = m(supp(p)) and 7 (supp(mp)) 2 supp(p).
Similarly, supp(Y, S) = 7w (supp(X,T)) and 7~ (supp(Y,S)) 2 supp(X,T). In
general, the identity doesn’t hold. But if the factor map « has some good prop-
erties (for example rel.-c.p.e.), then the identity holds. Before stating Theorem
5.4, we recall some notations.
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Let (X,T) be a TDS. (X, T) is called transitive if for any given pair (U, V') of
nonempty open subsets of X, N(U,V) ={n € Z, : UNT~"V # (} is nonempty.
x € X is called a transitive point of (X, T) if the orbit of z, {x, Tz, T?x,...}, is
dense in X. Denote by Tran(X,T) the set of all transitive points. It is well-
known that the system (X,T) is transitive iff Tran(X,T) forms a dense G
subset of X. (X,T) is called minimal if Tran(X,T) = X, that is, each orbit is
dense in the space. x € X is called a minimal point of (X, T) if the sub-system
W is minimal. (X, T) is called weakly mizing if (X x X, T x T) is
transitive. Let m: (X,T) — (Y, S) be a factor map between TDSs. We say « is
weakly mizing (or call (X, T) a weakly mizing extension of (Y, S)) if (R.,T xT)
is transitive, and call m weakly mizing of all orders if (Rgr"),T(”)) is transitive
for each n > 2.

THEOREM 5.4: Let 7: (X,T) — (Y, S) be a factor map between TDSs. Suppose
that 7 has rel.-c.p.e. Then
1: 7 (supp(Y,9)) = supp(X, T), i.e.

Yy € supp(Y, S),ﬂ_l(y) C supp(X,T).

2: For eachy € Y \ supp(Y, S), 7~ 1(y) is a singleton.
3: Consequently, X is fully supported iff so is Y, and X is fully supported
when 7 is weakly mixing.

We remark that the second situation can occur; see, for example, Remark 6.3
(assuming that (Y, S) is supported on the fixed point p). The proof of Theorem
5.4 is completed by the following two lemmas.

LEMMA 5.5: Let m: (X,T) — (Y,S) be a factor map between TDSs and 7 has
rel.-c.p.e. Suppose that p € M(X,T) satisfies E (X, T|r) = Eo(X,T|r). Then
7~ 1(y) is a singleton for all y € Y \ supp(mp).

Proof: Let (z1,22) € F2(X,T|rw) and y = 7w(x1) = m(x2). We claim that
y € supp(mp). Assume the contrary that y € Y'\supp(mp), i.e. z1, x2 ¢ supp(u).
Then we can find closed neighborhoods U; of x; such that Uy N Us = () and
w(U;) =0, i =1,2. Let a = {Uy,Uf}. Tt is clear that « is an admissible parti-
tion with respect to (z1,22) and h, (T, a|r) = 0. Hence (z1,22) ¢ EY (X, T|r) =
Es>(X,T|m), a contradiction.

Let R = U, csupp(rn) (77 (y) x 77 1(y)) U A2(X). By what we just proved
it follows that Eq(X,T|m) U A2(X) C R. Note that R C R is an icer on X.
So R contains the icer generated by Eo(X,T|m) U Az(X), and so R = R, by
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Proposition 5.3, as 7 has rel.-c.p.e. This implies that

'y xm ') SR\ () x 7 (w) € As(X),

yEY \supp(mp) yEsupp(mp)

i.e. 771(y) contains only one point for all y € Y \ supp(mu). ]

LEMMA 5.6: Let m: (X,T) — (Y,S) be a factor map between TDSs and ©
has rel.-c.p.e. Suppose that p € M(X,T) satisfies E5 (X, T|r) = Eo(X, T|r).
Then supp(p) = 7~ (supp(wu)). In particular, p has full support iff mp has full
support.

Proof: The idea of the proof is inspired by that of Proposition 6 in [B1].
Suppose the contrary that there exists 2o € 7~ (supp(mp)) \ supp(u). Take
an open neighborhood V' of x¢ with (V') = 0 and put U = UJ,,c;, T7"(V'). Then
U is open with u(U) = 0. Clearly, U Nsupp(p) = @, i.e. supp(p) C U€. Since
m(xg) € supp(mp) = w(supp(p)) C w(U®), there is 21 € U® with 7(x1) = 7(zo).
Using Urysohn’s Lemma, we construct a continuous map f: X — [0, 1] such
that f(z9) = 0 and f(z) = 1 on U°. Define F: X — [0,1]% by

(F(2))n, = f(T"x) forallz € X and n € Z.

Define m: X — [0,1]% x Y by letting m (z) = (F(x),n(z)) for all x € X. Now

endow W = 7r1(X) with the transformation o x S, where o is the shift map on

[0,1]%, i.e. 0((2n)nez) = (2nt1)nez for (zn)nez € [0,1])%. Tt is easy to see that

(W,0xS)isaTDS and m1: (X,T) — (W, 0 x .5) is a factor map between TDSs.
Let mo: W — Y be the projection to the second coordinate. Then

mo: (W,0 x 8) — (Y, 5)

is a factor map and m = mam;. Since U¢ is T-invariant, F(U¢) = {1Z}. Partic-
ularly, F(z1) = 12 # F(z0). Moreover, 7 (xg) # m1(z1). Combining this fact
and the equality mo(m1(x0)) = 7(x0) = 7(x1) = m2(m1(z1)), one knows that o
is a nontrivial extension.

Since 7 has rel.-c.p.e., w3 is a nontrivial rel.-c.p.e. extension. By Propostion
5.3, Ry, is the smallest icer on W generated by Eo(W, o x S|m2) UA2(W). Since
Ry, # Ay(W) and Ay(W) is an icer on W, Eo(W, 0 x S|me) # (. Note that

EJ"M(W, 0 x S|me) = m(EY (X, T|r)) \ A2(X) (by Proposition 3.9)
= m(E2(X, Tm)) \ Az (X)
= E3(W,0 x S|m2) (by Proposition 2.3)
#0,
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there exist y € Y and wy # ws € 7, ' (y) such that (wy,ws) € EF** (W, 0 x S|ms).
Without loss of generality, we assume that wy # (1%,y), i.e. w; ¢ {12} x Y.
Since F(U*¢) = {17}, m (U*¢) C {17} x Y. Moreover,

supp(m p) = mi(supp(p)) € m (U°) € {17} x V;

this implies that w; & supp(mip). Thus we can find closed neighborhoods Uj;
of w; such that Uy N Uy = @ and mu(U;) = 0. Let o = {U;,Uf}. Then
« is an admissible partition with respect to (wy,ws). Since mu(Uy) = 0,
hr (T, a|m2) = 0. Hence (wy, wz) ¢ E5'"(W, 0 x S|m2), a contradiction. |

Now we are ready to prove Theorem 5.4.

Proof of Theorem 5.4: By Theorem 4.1, there exists u1 € M(X,T) with
EYY(X,T|r) = F2(X,T|r). Clearly, there exists pus € M(X,T) such that
supp(mpz2) = supp(Y, S). Let u = 3(u1 + p2). Then p € M(X,T), supp(mp) 2
supp(muz) and EY (X, T|m) D EL' (X, T|w); the last inequality comes from the
fact that for any a € Px, the relative entropy map v € M(X,T) — h, (T, a|r)
is an affine map. So supp(wu) = supp(Y,S) and EY (X, T|r) = Ex(X,T|r).
Therefore by Lemma 5.5 and Lemma 5.6, 1 and 2 are proved. In particular, X
is fully supported iff so is Y.

To end the proof assume that 7 is weakly mixing. By 1, it suffices to show
supp(Y,S) =Y. Since 7 has rel.-c.p.e., it is nontrivial. If supp(Y,S) C Y, using
1 and 2 we have

{(w,2) 12 € X \supp(X,T)} = (m x )" ({(y,9) : y € Y \ supp(Y, 5)})

is a nonempty open subset of Rr, and so R = Aqz(X) (as {(z,z) : = €
X \ supp(X,T)} C Az(X) and 7 is weakly mixing), i.e. 7 is a trivial exten-
sion, a contradiction. |

Let m: (X,T) — (Y, 5) be a nontrivial factor map between TDSs. Recall that
in [GW2] 7 is called an entropy-generated extension if R, coincides with the
icer generated by ((Fo(X,T) U A2(X)) N Ry. As Eo(X,T|r) C Eo(X,T), by
Proposition 5.3 if 7 has rel.-c.p.e. then 7 is an entropy-generated extension.

Let (Z, R) be a proper factor of (X, T') with respect to (Y, S) with 7 = maomy,
where m1: (X,T) — (Z,R) and ma: (Z,R) — (Y,S). Denote by I, the icer
generated by ((E2(Z, R)UAa(Z)) N Ry,. It is clear that (m x m1) "1 (I,,) forms
an gcer containing ((E2(X,T) U Az(X)) N Ry. Then my is also an entropy-
generated extension if 7 is an entropy-generated extension. Thus following the
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same idea as in Theorem 5.4, Lemma 5.5 and Lemma 5.6 we have the following
result, which is stronger than Theorem 5.4.

THEOREM 5.7: Let m: (X, T) — (Y, S) be a factor map between TDSs. Suppose
that 7 is an entropy-generated extension. Then
1: Suppose that p € M(X,T) satisfies E§ (X, T)NR, = E2(X,T)NR. Then
supp(p) = m~ " (supp(mp)) and 7~ (y) is a singleton (Vy ¢ supp(mp)).
2: supp(X,T)=7"1(supp(Y, S)) and 7~ (y) is a singleton (Vy ¢ supp(Y, S)).
3: If w is weakly mixing, then supp(X,T) = X.

A TDS (X,T) is called an E-system if it is transitive and supp(X,T) = X.
It is well-known that a minimal system is an E-system and the product of an
E-system with a weakly mixing system is transitive (see [GW1, GW3]). As a
direct corollary of Theorem 5.7, we have

COROLLARY 5.8: Let 7: (X,T) — (Y, S) be a factor map between transitive
TDSs and 7 an entropy-generated extension. Then (X,T) is an E-system iff so
is (Y, .9).

6. Relative u.p.e. extensions

An interesting result obtained in [B1] is that u.p.e. implies weak mixing, which
makes clearer how topological entropy is woven into the general pattern of topo-
logical dynamics. Does the corresponding result hold in some general setting,
which is a natural question that arises immediately in one’s mind when think-
ing about the relative case? In this section, we will give a partial answer to the
question using the ideas and results obtained in [G1] and [PS].

First, let us recall a definition which appeared first in [GW2] as a generaliza-
tion of u.p.e. which is different from ours in the paper. Let m: (X,T) — (Y, 5)
be a factor map between TDSs. 7 is called a w.p.e. extension if R, \ Aq(X) C
Ey(X,T). Note that Eo(X,T|m) C Eo(X,T), and hence 7 is a u.p.e. extension
when 7 has rel.-u.p.e. The following lemma comes from Remark of Lemma 4.8
and Corollary 5.7 in [HSY].

LEMMA 6.1: Let (X,T) be a TDS. If (z1,22) € E2(X,T), then for any infi-
nite sequence F of 7 and any open neighborhood U; of x;, i = 1,2, one has
NU,U)N(F —F)#0, where F — F={a—b>0:a,b€ F}.

Let m: (X,T) — (Y,S) be a factor map between TDSs. We say 7 is semi-
open, if for any nonempty open subset U, int(w(U)) # (. Any factor map
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m (X,T) — (Y,S5), where X is minimal, is semi-open. The following lemma
may be viewed as the motivation of this section.

LEMMA 6.2: Let m: (X,T) — (Y,S) be a semi-open factor map between TDSs
and w be a u.p.e. extension. Then (Z x X, R x T) is transitive iff (Z xY, R x S)
is transitive, where (Z, R) is a TDS.

Proof: It remains to show the transitivity of R x S implies that of R x T'. To
do this, it suffices to prove that for any nonempty open sets U, Us of Z and
Vi,Va of X, N(Uy x V1,Us x V) #£ 0.

Let Uy, Us and Vi, V5 be the subsets mentioned above. Since 7 is semi-open,
W; = int(n(V;)) # 0,7 = 1,2. Moreover, there exists n € N such that U; x
WiNR™™Us x ST"Wy # 0, as R x S is transitive. Put U = U; N R™"Us,.
Then U is a nonempty open subset of Z. Take z € UNTran(Z,R) (R x S is
transitive). Then F := N(z,U) = {i € Zy : R'(2) € U} is infinite. It is clear
that N(Uy, R""Uy) D N(U,U)=F — F.

Since W1 NS™"W5 # 0 and S™"7(Va) = (T~ "V3), we have

a(Vi) Nm(T~"Va) # 0.
There are two cases:
CaSE 1: ViNT ™"V, # (. In this case n € N(Uy x V1,Us x Vi) # (.

CaseE 2: Vi NT (V) = (. Since (V1) N w(T~"Va) # (), there exist 1 € V3
and zg € T~ "V, with m(x1) = w(x2). Since 7 is a u.p.e. extension, (z1,z2) €
Ey(X,T). By Lemma 6.1, N(V1,T "Va) N (F — F) # 0. Hence N(U; x
Vi, R"Us x T~"Vy) = N(Vi, T~"Va) N N(Uy, R-"Us) # 0. Note that N(U; x
Vi, Us x Vo) D N(Uy x Vi, R-"Us x T~"Va) +n. Thus, N(Uy x Vi, Us x V3) # 0.
This finishes the proof. |

Remark 6.3: The assumption of semi-openness is necessary in the above lemma.
For example, let (Y, S) be a nontrivial transitive system having a fixed point p
and (Z, R) = ({0,1}%,5) be the full shift on two symbols. By identifying the
point 07 in Z with the point p in Y we get a new compact metric space X. There
exists a natural transformation 7' on X such that Ty = S and T'|;91y> = 0.
Clearly, (X, T) is not transitive. Now let m: X — Y with 7(z) = pif x € {0,1}%
and m(x) =z if x € Y. Then m: (X,T) — (Y, 5) is a factor map and it is easy
to see that 7 has rel.-u.p.e., as ({0,1}%, o) has u.p.e.
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Let (X,T) be a TDS. We say (X,T) is mildly mizing if its product with
any transitive system is transitive (see, for example, [GW4], [HY1]). As an
application of Lemma 6.2, it is not hard to obtain

COROLLARY 6.4: The following two statements hold.

1: Let m: (X,T) — (Y,S) be a semi-open factor map between TDSs. If 7 is
a u.p.e. extension, then (X,T) is transitive (resp. weakly mixing, mildly
mixing) iff (Y,S) is transitive (resp. weakly mixing, mildly mixing).

2: In general, let m;: (X;,T;) — (Y;,5:) (1 < i < n) be n given u.p.e.
extensions between TDSs. If all m; (1 < ¢ < n) are semi-open, then
(X1 x - x X, Ty X -+ x T},) Is transitive (resp. weakly mixing, mildly
mixing) iff (Y1 x---xY,,S1 X+ xSy,) Is transitive (resp. weakly mixing,
mildly mixing).

Proof:  'We only prove 1 in the situation when (Y,S) is weakly mixing, and
the other cases can be proved in a similar way. In the case S x S is transitive,
and hence by Lemma 6.2, we know that S x T and consequently T x S is
transitive. Using Lemma 6.2 again we get that T' x T is transitive, i.e. T is
weakly mixing. |

By the definitions, it is clear that if 7 is a u.p.e. extension then 7 is an
entropy-generated extension. Then with the help of Theorem 5.3, using Lemma
6.2 we are able to give a similar result as Corollary 5.8 directly.

COROLLARY 6.5: Let m: (X,T) — (Y,S) be a semi-open factor map between
TDSs and 7 be a u.p.e. extension. Then (X,T) is an E-system iff so is (Y, S).

In the remaining part of the section we focus on the question when a rel.-
u.p.e. extension is a weakly mixing one. Let (X,T) be a TDS and u € M(X,T).
Denote

sy = (supp (1) x supp(u)) N Az(X), 55 = (supp(X, T') x supp(X,T)) N Az(X).

Let m: (X,T) — (Y, S) be a factor map between TDSs; we shall write Ef (7) =
EY(X,T|m) for short if there is no ambiguity.

Let m;: (X;,T3) — (Y, S) (i = 1,2) be two factor maps between TDSs. Recall
that

X1 xy Xo ={(x1,22) € X1 X Xo :m(x1) = ma(x2)} and
T1 Xy TQZ X1 Xy X2 — X1 Xy X2 with (ZL‘l,ZL'Q) — (T1£L'1,T2£L'2).



Vol. 158, 2007 RELATIVE ENTROPY TUPLES 273

Then (X7 Xy X, Ty Xy Ta) forms a TDS. Denote by m Xy o the factor map
induced naturally by 7 and o, i.e.

T Xy 79! (X1 Xy XQ,Tl Xy TQ) — (KS) with (.1'1,.1'2) — 7T1(.Z'1).

Assume p; € M(X;,T;) (i = 1,2) satisfy m1(p1) = m2(u2) = v € M(Y, S). Let
i = [y piydr(y) be the disintegration of y; over v for i = 1,2. Set

p1 Xy 2 :/ P,y X p2.dv(y);
Y

then py X, g € M(X1 Xy Xo, Ty Xy T3), and for simplicity write

ERYR2 () Xy o) = BEY M2 (X xy Xo, Ty Xy Te|m Xy m2),

E2(7T1 Xy 7T2) = EQ(Xl Xy XQ,Tl Xy T2|’/T1 Xy ’/TQ).

The above definitions can be generalized naturally to the case of given n factor
maps.

In the remainder of the section, for any given two TDSs (X1, 71) and (X2, T2),
we shall often identify the two product spaces (X1 x X2) x (X7 x X2) and
(X1 x X1) x (X2 x X3) via the canonical isomorphism: ((z1, z2), (2], 25)) —
((z1,2}), (x2,25)). The identification for given n-TDSs (n > 2) works similarly.

LEMMA 6.6: The following statements hold.
1: Let m: (X;,T;) — (Y,S) (i = 1,2) be two factor maps between TDSs and
i € M(X;,T;) satisfy m1(p1) = ma(pe) = v € M(Y,S). Then

Eng"MZ(’/Tl Xy ’/TQ)

=(B4 (m1) xy Ey*(m2)) U (B (m1) xy s7,,) U (5}, Xy B4 (m2)).

2: Let m: (X;,T;) — (Y,S) (i = 1,2) be two factor maps between TDSs.
Then

E2(7T1 Xy 7T2) = (E2(7T1) Xy E2(7T2))U(E2(7T1) Xy S%{Q)U(S%{l Xy E2(7T2)).

Proof: Part 1 follows from the proof of Lemma 2 in [PS]. Now we aim to prove
part 2.

Take p), € M(X;,T;) (i = 1,2) such that Eg’l" (m;) = Eo(m;). Without loss of
generality assume supp(u}) = supp(X;,T) (¢ = 1,2) and so si; = sg(

Let v; = m;i(1}), then v; € M(Y,S) (i = 1,2). It is well-known that there
exists puf € M(X;,T;),i = 1,2 such that m(u}) = v2 and m2(u3) = vi. Set
i = 2(Wi4py),i=1,2and v = $(v1+1vs). Then p; € M(X;,T;), v € M(Y, S),
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and m;(p;) = v (i = 1,2). Obviously, EY*(m;) 2 Egé(m) and 52 2 3;24 for
i =1,2. Hence EY*(m;) = Ey(m;) and ), = s%, for i = 1,2. Thus

Ey(my xy m2)
C(Bz(m) Xy Ba(m2)) U (B2 (m) Xy 5%,)
U (s%, Xy E2(m2)) (by Proposition 2.3)
=(E5" (m1) xy B4 (m2)) U (B4 (m1) Xy s7,) U (s, Xy E5*(m2))
=Ey "2 () xy ma) (by part 1) C Ex(m Xy m2).

That is, E2(7T1 Xyﬂ'g) = (E2(7T1)XYEQ(T(Q))U(EQ(TFl)XYS§(2)U(S§(1 XyEQ(ﬂ'g)).
[ |

Denote X1 Xy -+ xy X, (vesp. Ty xy --- xy Ty,) by [[;~,(X;)y (resp.
[T, (T3)y). Now we are ready to prove the main result of the section.
THEOREM 6.7: Let m;: (X;,T;) — (Y,S) have rel.-u.p.e. and supp(Y,S) =Y,
1 <i<mn. Then ([[\_,(X;)y,I](Ti)y) also has rel.-u.p.e. with respect to
(Y,S). If in addition all m; are open, then ([];—,(X;)y, ;- (Ti)y) Is transitive
iffsoisY.

Consequently, if m: (X,T) — (Y,S) is open and has rel.-u.p.e., then 7 is
weakly mixing iff m is weakly mixing of all orders iff (Y,S) is an E-system
(applying Theorem 5.4).

Proof: It is sufficient to consider the case when n = 2 for the first part of
the theorem. Since (X;,T;) has rel.-u.p.e. and supp(Y,S) =Y, it follows that
supp(X;,T;) = X;, ¢ = 1,2 (by Theorem 5.4). Then Ey(m;) = Ry, \ A2(X;)
and s%, = Ax(X;), i =1,2. So

RW1><Y7T2 \ AXI Xy Xo — (Rﬂ'l Xy Rﬂ'2) \ AXI Xy X2
:((Rﬂ'l\ AXI) XY(Rﬂ'z\ AXz))U((Rﬂ'l\ AXI) XYAX2)U(AX1 XY(RF2\ AX2))
=(Bz(m) Xy Ea(m2)) U (Bz(m) Xy s%,) U (sk, Xy Ea(m2)).

Thus Ry xyms \ Axyxy X, = Fa(m Xy m2) (by Lemma 6.6 (2)), i.e. m1 Xy m2
has rel.-u.p.e.

When 7 and 75 are open, w1 Xy s is also open. Since 7 Xy 72 has rel.-u.p.e.,
and so it is a u.p.e. extension. If (Y, S) is transitive, then (X1 xy Xa,T1 Xy T3)
is transitive following from Lemma 6.2. |



Vol. 158, 2007 RELATIVE ENTROPY TUPLES 275

7. Products of relative u.p.e. and c.p.e. extensions

In this final section we shall show that the finite product of rel.-u.p.e. extensions
(resp. rel.-c.p.e. extensions) has rel.-u.p.e. (resp. rel.-c.p.e.) iff all factor systems
have invariant measures with full support. We start with the discussion on the
product of u.p.e. extensions defined by Glasner and Weiss. The following lemma
will be used.

LEMMA 7.1: Let (X;,T;) (i =1,2) be two TDSs. Then

EQ(Xl X Xg) = (EQ(Xl) X EQ(XQ)) U (EQ(Xl) X S?X}) U (Sgﬁ X EQ(XQ))

Proof: The lemma was obtained by Glasner (see Theorem 3 of [G1] or Theorem
19.24 of [G2] for more details). |

Let m;: (X, T;) — (Yi,5:;) (1 < i < n) be n factor maps between TDSs.

Define . . .
H ;e H X; — H Y:
i=1 i=1 i=1

such that [, m(z1,...,2n) = (m(z1),...,mn(zn)) for each (z1,...,2,) €
[T, Xi; then T, m ¢ (IT-, Xo, I1 7)) — (IT, Yi, [T, Si) is a factor
map between TDSs.

Now we show the property of u.p.e. extension is preserved by finite product.

THEOREM 7.2: Let m;: (X;,T;) — (Y3, 5:) (1 <i<n) ben given u.p.e. exten-
sions between TDSs. If supp(Y;, S;) =Y; (1 <i < n), then [, m; Is a u.p.e.

extension.

Proof: Tt is enough to show the case when n = 2. Since m;: (X;,T;) — (Y3, S:)
(1 = 1,2) are u.p.e. extensions, Ry, \ A2(X1) C E3(X1) and Ry, \ A2(X2) C
Es(X5).

Let ((x1,x2), (2],25)) € Rayxm, \ A2(X1 x X3). Without loss of generality
assume x1 # xj. As any u.p.e. extension is an entropy-generated extension,
by Theorem 5.7 one has supp(Xa,T2) = Xa. Then s} = Ay(X3), and so by
Lemma 7.1

((z1,22), (21, 25)) € (R, \ A2(X1)) X R,
= (Br, \ A2(X1)) X (Rr, \ A2(X2))) U (R, \ A2(X7)) X Ax(X3))
g (EQ(Xl) X EQ(XQ)) @] (EQ(Xl) X S?Xg) g EQ(Xl X XQ)

That iS, Rﬂ—lxﬂ—z \ AQ(Xl X XQ) g E2(X1 X XQ), i.e. T X 9 is a u.p.e.
extension. |
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If (& : i € I) is a countable family of finite partitions of X, then & = \/,_; & is
called a measurable partition. The collection of all sets B € B(X), which is the
union of some atoms of £, forms a sub-c-algebra of B(X). By [Rh], every sub-
o-algebra of B(X) coincides with a o-algebra constructed in this way outside a
set of p-measure zero. Thus sometimes we shall denote them just by the same
symbol. Particularly, we can associate each sub-c-algebra G to a measurable
partition of X (also denoted by G, but in general we can’t ensure G € Px). For

any given measurable partition & of (X, B(X), u,T), put £~ = \/j:f T~ and
T = />

1=—00

T—%. We say & is a generating partition if £7 is equal to B(X)
outside a set of u-measure zero.

To study the product of rel.-u.p.e. and rel.-c.p.e. extensions defined in our
paper we need a result similar to Lemma 7.1, whose proof depends on the
following result. Let m: (X,T) — (Y,S) be a factor map between TDSs and
pu € M(X,T). Denote by P, () the relative Pinsker o-algebra P, (7~ *B(Y)).

LEMMA 7.3: Let m;: (X;,T;) — (Y3, S:) be two factor maps between TDSs and
i € M(X;,T;) (i =1,2). Then

P,u1><,u2(7r1 X 7T2) = P,Ufl(ﬂ-l) X P#2(7T2)'

Proof:  On the one hand, it is obvious that P, (m) x {0, X2}, {0, X1} x
P, (m2) C Py, xp, (M1 X ), and so Py, (m1) X Py, (m2) € Py xp, (71 X T2).

On the other hand, by Lemma 3.7 of [Z], (X;, B(X;), T;, ;) admits a generat-
ing partition P; with P; D 7; 'B(Y;) and P, (m;) = (20T, "P; (i = 1,2).
Note that P~ x Py D (m x m2) 'B(Y1 x Y2) is a generating partition of
(X1 X Xo,B(X7 X Xo),pu1 X p2, Ty X Ty). Then we have (using Lemma 3.6
of 7))

Py (m1 X 0) © ()(Ty x To) (P x Py)
n>0

C () (Ty Py x B(X2)) = Py, (m) x B(Xa).

n>0

Similarly, we have Py, x ., (m1 X m2) C B(X1) X Py, (m2). Thus
Phuyxps (11 X ) © (B, (m1) X B(X2)) N (B(X1) X Py, (2)) = Py (m1) X Py (72).
This means P, x ., (m1 X m2) = Py, (m1) X P, (72). |

THEOREM 7.4: Let m;: (X;,T;) — (Y3,5:) (i = 1,2) be two factor maps between
TDSs. Then we have
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1: Suppose p; € M(X;,T;) (i =1,2). Then

By (my xma) = (B4 () x By (m2)JU(ES" (1) X 53, ) U (s, X B4 (m2)).

2: E2(7T1 X 7T2) = (EQ(’]Tl) X E2(7T2)) @] (EQ(?Tl) X S%(Z) U (S§<1 X E2(7T2)).

Proof: 1. Assume that p; = fZ_(ui)zidz/i(zi) is the disintegration of u; over
the measure-theoretical relative Pinsker factor (Z;,v;) of m; (i = 1,2). Then

A5 ) = [ () ) i),

By Lemma 7.3, it is clear that pu; x pg = fleZQ (1) 2, X (2)2,dv1(21)dva(22)
is the disintegration of p; X pg over the measure-theoretical relative Pinsker
factor (Z1 X Za,v1 X v9) of m1 X ma. Via the canonical isomorphism introduced
in section 6 we have

A T (X ) :/Z ; (1)1 X (2)25) X (1) 21 X (p2) 2, )dvr (21)dv2(22).

This implies A\J* ™™ (pg X p2) = AJ'(p1) X A3%(pe), whence

supp(A5' "™ (i1 X p2)) = supp(A3" (1)) X supp(A3* (p2))-
Moreover,
ENYH2 () x ma)
= supp(A31 72 (u1 x p2)) \ Az(X7 x X3) (by Corollary 3.6)
= (supp(A3" (1)) X supp(A3* (12))) \ (A2(X1) X Aa(X2))
= (supp(A2* (111)) \ A2(X1) x supp(A3® (p2)) \ A2(X2))
U (supp(A3* (1)) \ Az(X1) x s3,) U (57, x supp(A3* (p2)) \ Aa(X2))
= (EY*(m) x EY?(ma)) U (B4 (m1) xsiz) U (si1 x EY*(mg)) (by Corollary 3.6).
2. Take p; € M(X;,T;) such that ES* (m;) = Ea(m;) and 57, = sk (i = 1,2).
Then
Es(m x ma) D BNV () X m2)
= (B () % B4 (ma)) U (B (ma) % 52,) U (52, x E&(m))  (by part 1)
= (Bz(m) x Ba(m2)) U (Ba(m1) x s%,) U (s%, x Ea(m2))
D Ey(m x ma) (by Proposition 2.3).
This means Eo(m1xm2) = (Eq(m1)X Ea(72) )U(E2 (71X sg(Q)U(sg(l X Ea(m32)). |
Let (X,T) be a TDS and ) # R C X x X. Denote by (R) the icer generated
by R. The following lemma is well-known (for example, Lemma 1 of [PS]).
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LEMMA 7.5: Let (X;,T;) (i =1,2) be two TDSs and Ay(X;) C A; C X; x X;.
Then <A1 X A2> = <A1> X <A2>

With the above preparations, we have

THEOREM 7.6: Let m;: (X;,T;) — (Y3, S:) be two factor maps between TDSs.
1: If my and my are both rel.-c.p.e., then m X my is also rel.-c.p.e. iff
supp(Y;, 5;) =Y; (i =1,2).
2: If my and my are both rel.-u.p.e., then m X mg is also rel.-u.p.e. iff
supp(Y;, S;) =Y; (i=1,2).

Proof: We shall give a proof of part 1. Part 2 follows from similar discussions.
Let R (resp. Ry, Ra) be the icer generated by Fa(m X m2) U Ax(X; x Xa)
(resp. E2(7T1) @] AQ(Xl), E2(7T2) @] AQ(XQ)) For i = 1, 2, set

Wi = {(z1,22) € X; x X; : mi(x1) = mi(a2) € supp(Yi, Si)}.

As m and w9 are both rel.-c.p.e., by Proposition 5.3 and Theorem 5.4 one has
R; = Ry, and W; \ As(X;) = Ry, \ Ao(X;) #0,i=1,2.

First assume that supp(Y;, S;) = Y; (¢ = 1,2). By Theorem 5.4, supp(X;,T;)
= X, (¢ = 1,2). Using Theorem 7.4 we obtain

E2(7T1 X 7T2) U AQ(Xl X Xg) = (EQ(Trl) U AQ(Xl)) X (E2(7T2) U AQ(XQ)),

which implies that R = Ry X Ry = Ry xx, (by Lemma 7.5), i.e. w1 X mg is
rel.-c.p.e. (by Proposition 5.3).

Now assume that m X 7y is rel.-c.p.e. and so R = Ry, xx, (by Proposition
5.3). Set

2
W = AQ(XI X XQ) @] HW’L g R7r1><7r2-
i=1
It is not hard to obtain that W is an icer containing Fa(m X m2) UAg (X7 x Xa).
Then W = R;, xr,, and so

(Wi \ Az(X1)) x {(x,7) € X2 x Xz :ma(z) ¢ supp(Y2, S2)} € Ry xn, \ W =0,

which implies supp(Y2, So) = Ya, as Wi \ Ao(X;) # 0. Similarly, supp(Y7,S1) =
Y1. This finishes the proof. |
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8. Appendix

In the appendix, following the ideas in [BHR] we will discuss the relationship
between r.t.-entropy pairs and asymptotic pairs. We shall only give a brief
description; the reader can refer to [BHR] for more details.

Let (X,T) be a TDS, p € M(X,T) and G be a sub-o-algebra of B(X).
Define the conditional product p xg p of p relative to G to be the measure on
(X®),B(X) x B(X)) determined completely by

for all A,B € B(X), uxgu(AxB)= /X E(14|G6)(2)E(15|9)(x)du(z).

Clearly, p x g p is a probability measure, its two projections on X are both equal
to 1, and supp(p xg p1) 2 {(z,z) € X
and

:x € supp(p)}. Since p is T-invariant,

E(14|G)(Tx) = E(lp-14|T7'G)(z) for p-ae. z € X,

we have X p-1gp = (T x T)~(u xg ). Moreover, the measure p x g is T x T-
invariant if G is T-invariant (i.e. G = T71G). In fact, by standard arguments,
for each pair of bounded Borel functions f,g on X one has

/X @) g () = /X E(f19)(x)E(g|G) (z)du(x).

For any sub-c-algebra G of B(X), we set
Ag = {(z1,72) € X x X : 21 and x5 belong to one and the same atom of G'}.

If (Gn)nen is a decreasing sequence of sub-o-algebras of B(X) with (1,5, Gn = G,
then for all A, B € B(X) one has

lim pXg, p(Ax B) = pxg u(Ax B),

and the sequence (p X g, (t)nen converges weakly to ux g p (Lemma 5 of [BHR)).
Moreover, in the sense of neglecting a subset of measure zero, Ag € B(X)xB(X)
and p xg p is concentrated on Ag (Lemma 6 of [BHR]).

Now let : (X,T) — (Y, S) be a factor map between TDSs and p € M(X,T).
Lemma 3.7 in [Z] tells us that (X,B(X),T,u) admits a generating partition
P with P D 77 'B(Y) and P, (7 'B(Y)) = N2, T~"P~ such that any pair of
points belonging to the same atom of P~ is asymptotic. Moreover, if h,(T'|m) >
0 then the o-algebra P~ and B, do not coincide up to sets of pi-measure zero,
where B, is the completion of B(X') under x. Thus in the notations of the above
discussions, we have Ap- C AP(X,T)N R,. Put

Fo=T""P" and v, =puxg, p foraln>0.
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Then we have
Ar, =(TxT)"Ar CAP(X,T)N R, and v, = (T xT) "w.

Thus v, is concentrated on AP(X,T) N Ry. Since A5 (u) = i Xp, (x-15(v)) I
and the decreasing sequence (Fy, )n>0 of sub-o-algebras of B(X) satisfies

—+o0
() Fu= (TP =Pu(z'B(Y)),
n>0 n=0

we have, as n — 00, v, (A x B) — A5 (u)(A x B) for all A, B € B(X) and the
sequence (Vy,)n>0 of measures on X (?) converges weakly to A (u).

LEMMA 8.1: Let m: (X,T) — (Y,S) be a factor map between TDSs and p €
M(X,T). Suppose that Q@ = {Ai1, A2} € Px satisfies h,(T,Q|r) > 0. Then
there exist x1 € Ay and x9 € Ay such that (x1,22) € AP(X,T)N R,.

Proof:  Assume the contrary: (A1 X A2)NAP(X,T)NR, = 0. In the notations of
the above discussions, since for all n > 0, v, is concentrated on AP(X,T)N R,
and so vy, (A x Az) =0 for all n > 0. Then

AT () (A; x Ag) = lim v, (A; x Ag) = 0.

By Lemma 3.4, h, (T, Q|7) = 0, a contradiction. ]
As an application of Lemma 8.1, one has

PROPOSITION 8.2: Let ma: (X,T) — (Y,S) and m1: (Y, S) — (Z,0) be two fac-
tor maps between TDSs. Suppose Ry, D AP(X, TRy, x,. Then hiop(S|m1) = 0.

Proof:  Assume the contrary: hiop(S|m1) > 0. By (3.3) there exists v €
M(Y,S) and Q = {A;, A2} € Py such that h,(S,Q|mr1) > 0. Let p € M(X,T)
satisfy mop = v. Then h, (T, 75 (Q)|mi7m2) = hy(S,Q|m1) > 0. By Lemma 8.1,
there exist z; € my *(A;),i = 1,2 such that (x1,22) € AP(X,T) N Ry, x,. Since
R, O AP(X,T)N Rryry, (®1,22) € Ry So ma(x1)(= ma(z2)) € A1 N Az, a
contradiction with @ € Py-. ]

The following theorem interprets the relationship between the set of r.t.-
entropy pairs and the set of asymptotic pairs.
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THEOREM 8.3: Let m: (X,T) — (Y, S) be a factor map between TDSs. Then
Ey(X,T|r) C AP(X,T) N Ry

Proof: By Theorem 4.1, there exists p € M(X,T) such that E4Y(X,T|r) =
Ey(X,T|r). Using the notations of the above discussions to such p, since
(Vn)n>0 converges weakly to AZ(u), and v,(AP(X,T)NR;) =1 for alln > 0,
we get A3 (u)(AP(X,T)NRy) = 1 and so supp(A3(n)) € AP(X,T)N Ry
Thus E4Y(X,T|r) € AP(X,T)N R, follows from the fact of E5(X,T|r) =
supp(AJ (1)) \A2(X) (Corollary 3.6). Obviously, Ry O Ry. Ends the proof. |
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