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ABSTRACT

Relative entropy tuples both in topological and measure-theoretical set-

tings, relative uniformly positive entropy (rel.-u.p.e.) and relative com-

pletely positive entropy (rel.-c.p.e.) are studied. It is shown that a relative

topological Pinsker factor can be deduced by the smallest closed invariant

equivalence relation containing the set of relative entropy pairs. A rela-

tive disjointness theorem involving relative topological entropy is proved.

Moreover, it is shown that the product of finite rel.-c.p.e. extensions is

also rel.-c.p.e..
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1. Introduction

Let (X,B, µ, T ) be a measure-theoretical dynamical system (for short MDS).

Then the Pinsker factor of (X,B, µ, T ) is the maximal zero entropy factor of

(X,B, µ, T ), which is obtained by the smallest sub-σ-algebra containing all finite

partitions with zero entropy. By introducing the notion of entropy pairs, Blan-

chard and Lacroix [BL] obtained the maximal zero entropy factor for any topo-

logical dynamical system (for short TDS), namely the topological Pinsker factor.

For a factor map between two TDSs, Glasner and Weiss [GW2] introduced the

notion of relative topological Pinsker factor (named Pinsker1 factor) based on

the idea of u.p.e. and c.p.e. extensions. Later on Lemanczyk and Siemaszko

[LS] defined another relative topological Pinsker factor (named Pinsker2 factor)

based on the existence of the smallest invariant closed equivalence relation (icer

for short) with certain properties. In [PS] Park and Siemaszko interpreted the

relative topological Pinsker2 factor using relative measure-theoretical entropy

and the discussed relative product. In [HY2] Huang and Ye introduced the no-

tions of entropy tuples both in topological and measure-theoretical settings and

established the relationship between the notions.

Recently, Huang, Ye and Zhang [HYZ] obtained some local variational prin-

ciples for relative entropy, and generalized the corresponding results in [BGH],

[LW], [Rm] and [GW4]. As a continuation, in the current paper we shall in-

troduce the notions of relative entropy tuples in both topological and measure-

theoretical settings. It turns out that for each n ≥ 2 the set of relative topo-

logical entropy n-tuples is just the union of relative measure-theoretical entropy

n-tuples over all invariant measures, and so the relative topological Pinsker2

factor is in fact induced by the smallest icer containing the set of relative topo-

logical entropy pairs. As we think the relative topological Pinsker2 factor is a

more natural notion than the relative topological Pinsker1 factor, we will refer

to it as the relative topological Pinsker factor in the paper.

Based on the notions of relative topological entropy pairs one may define

rel.-u.p.e. and rel.-c.p.e. extensions. The properties of rel.-u.p.e. and rel.-c.p.e.

extensions are studied. It is known that u.p.e. implies weak mixing, c.p.e. implies

the existence of an invariant measure with full support ([B1]), and a u.p.e.

system is disjoint from all minimal systems with zero entropy ([B2]). The above

properties are obtained in the relative case under some necessary restrictions in

the paper. Namely, we show that an open rel.-u.p.e. extension of all orders is

disjoint from any relative minimal and relative zero entropy extension; rel.-c.p.e.

implies that each fibre either is a singleton or fully supported; and an open rel.-
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u.p.e. extension is weakly mixing iff it is weakly mixing of all orders iff the factor

is an E-system. This answers some questions raised in [PS]. Moreover, we show

that the finite product of rel.-u.p.e. extensions (resp. rel.-c.p.e. extensions) has

rel.-u.p.e. (resp. rel.-c.p.e.) iff the factors are fully supported. We remark that

in [G1] Glasner showed that the finite product of u.p.e. systems is also u.p.e.

and our result implies that the finite product of c.p.e. systems is also c.p.e.

This paper is organized as follows. In section 2, the notion of relative topolog-

ical entropy tuples is introduced and a relative disjointness theorem involving

relative topological entropy is obtained. In section 3, the set of relative entropy

tuples in a measure-theoretical setting is introduced and characterized. In sec-

tion 4, the relationship between the set of relative topological entropy tuples

and the set of relative measure-theoretical entropy tuples is established, and

the relative topological Pinsker factor is interpreted. In section 5, rel.-c.p.e. is

studied and characterized and in section 6, rel.-u.p.e. is carefully studied. In the

final section, the finite product of rel.-u.p.e. and c.p.e. extensions is investigated.

Moreover, in the appendix the relationship between relative topological entropy

pairs and asymptotic pairs is discussed.

2. Relative topological entropy tuples and relative disjointness

Throughout this paper, by a topological dynamical system (X, T ) we mean a

compact metric space X endowed with a self-homeomorphism T . In this section

the notion of relative topological entropy tuples is introduced and a well-known

disjointness theorem involving entropy is generalized to the relative case. For

this purpose, we first need to introduce some notation. For a given a TDS

(X, T ), a cover of X is a finite family of Borel subsets of X , whose union is

X . Denote the set of covers by CX and the set of open covers by Co
X . Given

U ,V ∈ CX , U is said to be finer than V (write V � U), if each element of U is

contained in some element of V .

Let (X, T ) and (Y, S) be two TDSs. A continuous map π: (X, T ) → (Y, S) is

called a homomorphism or a factor map between (X, T ) and (Y, S) if it is onto

and πT = Sπ. In this case we say (X, T ) is an extension of (Y, S) or (Y, S) is a

factor of (X, T ). If in addition π is not one-to-one, then it is called nontrivial.

Let π: (X, T ) → (Y, S) be a factor map between TDSs and U ∈ CX . For E ⊆

X , we define N(U , E) as the minimum among the cardinalities of the subsets

of U which cover E, and define N(U|π) = supy∈Y N(U , π−1(y)). Since the



252 W. HUANG, X. YE AND G. H. ZHANG Isr. J. Math.

sequence {log N(
∨n−1

i=0 T−iU|π)} is non-negative and sub-additive, the quantity

htop(T,U|π) = lim
n→∞

1

n
log N

( n−1
∨

i=0

T−iU|π

)

= inf
n≥1

1

n
log N

( n−1
∨

i=0

T−iU|π

)

is well-defined, and is called the relative topological entropy of U relevant to π.

The relative topological entropy relevant to π is defined by

htop(T |π) = sup
U∈Co

X

htop(T,U|π).

When (Y, S) is trivial, we recover the classical topological entropy (see [DGS],

[W]), and in this case we shall omit the restriction on π.

Now, we are going to define the relative topological entropy tuples (r.t.-

entropy tuples, for short). Let π: (X, T ) → (Y, S) be a factor map between

TDSs and n ≥ 2. Set X(n) = X × · · · × X (n-times), T (n) = T × · · · × T

(n-times), ∆n(X) = {(xi)
n
1 ∈ X(n)|x1 = · · · = xn}, the n-th diagonal of X . We

also write ∆X = ∆2(X).

Let (xi)
n
1 ∈ X(n) \ ∆n(X) and U ∈ CX ; we say U is an admissible cover with

respect to (xi)
n
1 , if for any U ∈ U , U 6⊇ {x1, x2, . . . , xn}.

Definition 2.1: Let π: (X, T ) → (Y, S) be a factor map between TDSs, and

n ≥ 2. (xi)
n
1 ∈ X(n) \∆n(X) is called a r.t.-entropy n-tuple relevant to π, if for

any admissible cover U with respect to (xi)
n
1 we have htop(T,U|π) > 0.

Remark 2.2: It makes no difference if we replace all admissible covers by admis-

sible open covers or admissible closed covers in the above definition. Moreover,

we can choose all covers to be of the form U = {U1, . . . , Un}, where U c
i is a

neighborhood of xi such that U c
i ∩ U c

j = ∅ when xi 6= xj , 1 ≤ i < j ≤ n.

For each n ≥ 2, denote by En(X, T |π) the set of all r.t.-entropy n-tuples

relevant to π, and write it as En(X, T ) or En(X) when (Y, S) is trivial. Let

R
(n)
π = {(xi)

n
1 ∈ X(n)|π(x1) = · · · = π(xn)} (denoted by Rπ when n = 2). It is

easy to see that En(X, T |π) ⊆ R
(n)
π \∆n(X), since for each (xi)

n
1 ∈ X(n) \R

(n)
π

there is an admissible open cover of the form {π−1(Y1), . . . , π
−1(Ym)} which has

relative zero entropy relevant to π, where Y1, . . . , Ym are some open sets of Y

with 2 ≤ m ≤ n. Following the ideas in [B2], we have

Proposition 2.3: Let π1: (X, T ) → (Y, S) be a factor map between TDSs and

n ≥ 2.

1: Suppose that U = {U1, . . . , Un} ∈ Co
X satisfies htop(T,U|π1) > 0. Then

there exists (xi)
n
1 ∈ En(X, T |π1) such that xi ∈ U c

i , i = 1, . . . , n.
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2: If htop(T |π1) > 0, then En(X, T |π1) ⊆ X(n) is a nonempty in-

variant closed subset (i.e. T (n)(En(X, T |π1)) = En(X, T |π1)). Moreover,

En(X, T |π1) \ ∆n(X) = En(X, T |π1).

3: Let π2: (Z, Θ) → (X, T ) be a factor map between TDSs. Then

(1) En(X, T |π1) ⊆ π2×· · ·×π2(En(Z, Θ|π1π2)) ⊆ En(X, T |π1)∪∆n(X).

(2) En(Z, Θ|π2) ⊆ En(Z, Θ|π1π2).

4: Suppose that (W, TW ) is a sub-system of (X, T ) and π3: W → π1(W ) is

the map determined by π1. Then En(W, TW |π3) ⊆ En(X, T |π1).

The notion of disjointness of two TDSs was introduced in [F]. Blanchard

proved that any u.p.e. system was disjoint from all minimal systems with zero

entropy (Proposition 6 in [B2]). In the remaining part of this section, we shall

prove a relative version of the result. We start with some notions.

Let π: (X, T ) → (Y, S) be a factor map between TDSs. U ∈ Co
X is called

non-dense-on-fibre, if there is y ∈ Y such that π−1(y) is not contained in any

element of U which consists of the closures of elements of U in X . Clearly, if

U = {U1, U2} ∈ Co
X is non-dense-on-fibre, then π(U1) ∩ π(U2) 6= ∅.

Definition 2.4: Let π: (X, T ) → (Y, S) be a nontrivial factor map between

TDSs.

(1) Let n ≥ 2. Say (X, T ) or π has rel.-u.p.e. of order n (relevant to π),

if any non-dense-on-fibre open cover of X by n-sets has positive relative

topological entropy. (When n = 2, we say simply π or (X, T ) has rel.-

u.p.e.)

(2) Say (X, T ) or π has rel.-u.p.e. of all orders (relevant to π) or relative

topological K if any non-dense-on-fibre open cover of X by finite sets has

positive relative topological entropy, i.e. it has rel.-u.p.e. of order n for

any n ≥ 2.

It is not hard to show that, for all n ≥ 2, π has rel.-u.p.e. of order n

iff En(X, T |π) = R
(n)
π \ ∆n(X). Moreover, π has relative topological K iff

En(X, T |π) = R
(n)
π \ ∆n(X) for any n ≥ 2.

Let πX : (X, T ) → (Y, S) and πZ : (Z, R) → (Y, S) be two factor maps, and

π1: X × Z → X , π2: X × Z → Z be the projections. J ⊆ X × Z is called

a joining of (X, T ) and (Z, R) over (Y, S) if J is closed, T × R-invariant with

π1(J) = X , π2(J) = Z and π1 × π2(J) = ∆2(Y ). Define

X ×Y Z =
⋃

y∈Y

π−1
X (y) × π−1

Z (y).
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Clearly, X ×Y Z is a joining of (X, T ) and (Z, R) over (Y, S). Say (X, T ) and

(Z, R) are disjoint over (Y, S) if X×Y Z contains no proper sub-joining of (X, T )

and (Z, R) over (Y, S).

Let π: (X, T ) → (Y, S) be a factor map. Say π is minimal if X is the only

closed T -invariant subset with π-image Y ; and π is open if the π-image of any

open subset is open. The proof of the following theorem is close to that of

Proposition 6 in [B2].

Theorem 2.5: Let πX : (X, T ) → (Y, S) and πZ : (Z, R) → (Y, S) be two factor

maps with πX open. Suppose that πX has relative topological K, πZ is minimal

and htop(R|πZ) = 0. Then (X, T ) and (Z, R) are disjoint over (Y, S).

Proof: Let J ⊆ X ×Y Z be any given joining of (X, T ) and (Z, R) over (Y, S).

Set J(x) = {z ∈ Z : (x, z) ∈ J} for each x ∈ X . For y ∈ Y , let J∗(y) =
⋂

x∈π
−1

X
(y) J(x). We claim

(i) J∗(y) is a nonempty closed subset of Z for each y ∈ Y .

(ii) RJ∗(y) = J∗(Sy) for y ∈ Y .

(iii) Let yn ∈ Y and zn ∈ J∗(yn) be such that yn → y0 and zn → z0 for some

y0 ∈ Y and z0 ∈ Z. Then z0 ∈ J∗(y0).

Proof of Claim: (i) Fix y ∈ Y . Since J(x) is compact for any x ∈ X , it remains

to show
⋂n

i=1 J(xi) 6= ∅ if xi ∈ π−1
X (y), i = 1, 2, . . . , n. Assume the contrary,

that there exists {xi}n
1 ⊂ π−1

X (y) with
⋂n

i=1 J(xi) = ∅. Clearly, (xi)
n
1 6∈ ∆n(X).

Since πX has relative topological K, it follows that (xi)
n
1 ∈ En(X, T |πX), and so

there exists (zi)
n
1 ∈ Z(n) such that (xi, zi)

n
1 ∈ En(J, T ×R|πXπ1) and πZ(z1) =

· · · = πZ(zn) = y (by Proposition 2.3). Since
⋂n

i=1 J(xi) = ∅, we deduce that

(zi)
n
1 /∈ ∆n(Z) and so (zi)

n
1 ∈ En(Z, R|πZ) (by Proposition 2.3 and the fact of

πXπ1 = πZπ2), a contradiction to the assumption of htop(R|πZ) = 0. This ends

the proof of claim (i).

(ii) is obvious. Now we show (iii). Let yn ∈ Y and zn ∈ J∗(yn) be such that

yn → y0 and zn → z0. Since πX is an open extension, the map y 7→ π−1
X (y)

is continuous. Now we show that z0 ∈ J∗(y0). For any x0 ∈ π−1
X (y0), the

continuity of the map y 7→ π−1
X (y) implies that there exists xn ∈ π−1

X (yn) with

xn → x0. Since zn ∈ J(xn) and the map x 7→ J(x) is upper semi-continuous,

z0 = lim zn ∈ J(x0). Since x0 is arbitrary, z0 ∈ J∗(y0). This ends the proof

of the claim.

In order to prove that (X, T ) and (Z, R) are disjoint over (Y, S), it is sufficient
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to prove J = X ×Y Z. Put

J ′ =
⋃

y∈Y

π−1
X (y) × J∗(y) ⊆ J ⊆ X ×Y Z.

By Claim (ii) and (iii), J ′ is closed and T × R-invariant. Then by claim (i),

J∗(y) 6= ∅ for any y ∈ Y . Moreover π1(J
′) =

⋃

y∈Y π−1
X (y) = X .

Note that π2(J
′) is a closed R-invariant subset of Z and πZπ2(J

′) =

πXπ1(J
′) = πX(X) = Y ; we deduce π2(J

′) = Z from the minimality of πZ .

Since π2(J
′) =

⋃

y∈Y J∗(y) and J∗(y) ⊆ π−1
Z (y), we get J∗(y) = π−1

Z (y) for all

y ∈ Y . This implies

J ′ = J =
⋃

y∈Y

π−1
X (y) × π−1

Z (y) = X ×Y Z,

i.e. (X, T ) and (Z, R) are disjoint over (Y, S).

Remark 2.6: The statement is similar to Proposition 4.2 in [GW2] but does

not coincide with it. In fact, none of them is essentially contained in the other.

3. Relative measure-theoretical entropy tuples

In this section, the notion of relative entropy tuples in the measure-theoretical

setting is introduced, basic properties are discussed and the structures of relative

measure-theoretical entropy tuples are studied. Moreover, a direct proof of the

lift-up property is presented.

Given a TDS (X, T ), we shall denote by B(X) the σ-algebra of Borel subsets

of X . Let M(X), M(X, T ) and Me(X, T ) be the collection of all probabil-

ity measures on B(X), T -invariant elements of M(X) and ergodic elements of

M(X, T ), respectively. Then M(X) and M(X, T ) are both convex, compact

metric spaces when endowed with the weak∗-topology. Let µ ∈ M(X, T ); then

(X,B(X), µ, T ) is a measure-theoretical dynamical system.

A finite partition of X is a cover of X whose elements are pairwise disjoint.

Denote the set of finite partitions by PX . For any given α ∈ PX , µ ∈ M(X)

and any sub-σ-algebra C ⊆ B(X), set

Hµ(α) =
∑

A∈α

−µ(A) log µ(A)

and

Hµ(α|C) =
∑

A∈α

∫

X

−E(1A |C) log E(1A |C)dµ,
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where E(1A |C) is the conditional expectation of 1A with respect to C. One

standard fact states that Hµ(α|C) increases with respect to α and decreases

with respect to C. Moreover, if µ ∈ M(X, T ) and C is T -invariant, then the

sequence {Hµ(
∨n−1

i=0 T−iα|C)} is non-negative and sub-additive, and so we can

define

hµ(T, α|C) = lim
n→∞

1

n
Hµ

( n−1
∨

i=0

T−iα|C

)

= inf
n≥1

1

n
Hµ(

n−1
∨

i=0

T−iα|C).

Now, for any given factor map, let us introduce the concept of measure-

theoretical conditional entropy for all finite Borel covers (see [HYZ] for more

details). Let π: (X, T ) → (Y, S) be a factor map between TDSs. For any

given µ ∈ M(X, T ) and U ∈ CX , define the µ-measure conditional entropy of U

relevant to π by

hµ(T,U|π) = inf
α∈PX , α�U

hµ(T, α|π−1B(Y )).

The µ-measure conditional entropy relevant to π is defined by

hµ(T |π) = sup
α∈PX

hµ(T, α|π−1B(Y )).

The relative variational principle ensures that htop(T |π)=supµ∈Me(X,T )hµ(T |π)

(see [LW], [DS] or [HYZ]).

The following results were proved in [HYZ].

Theorem 3.1: Let π: X → Y be a factor map between TDSs and µ ∈

M(X, T ).

1: If we set Hµ(V|π) = infα∈PX : α�V Hµ(α|π−1B(Y )) for each V ∈ CX , then

(3.1) hµ(T,U|π) = inf
n∈N 1

n
Hµ

( n−1
∨

i=0

T−iU|π

)

.

2: Let µ =
∫

Ω
µωdm(ω) be the ergodic decomposition of µ; then

(3.2) hµ(T,U|π) =

∫

Ω

hµω
(T,U|π)dm(ω).

3: hµ(T,U|π) ≤ htop(T,U|π) and when U ∈ Co
X

(3.3) max
µ∈Me(X,T )

hµ(T,U|π) = max
µ∈M(X,T )

hµ(T,U|π) = htop(T,U|π).
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Definition 3.2: Let π: (X, T ) → (Y, S) be a factor map, µ ∈ M(X, T ), n ≥ 2

and (xi)
n
1 ∈ X(n) \ ∆n(X). (xi)

n
1 is called a relative measure-theoretical en-

tropy n-tuple for µ (r.m.-entropy tuple for µ, for short) relevant to π, if for any

admissible cover U with respect to (xi)
n
1 we have hµ(T,U|π) > 0.

For each n ≥ 2, denote by Eµ
n(X, T |π) the set of all r.m.-entropy n-tuples for

µ relevant to π and write it as Eµ
n(X, T ) or Eµ

n(X) when (Y, S) is trivial. As in a

topological setting, by similar reasoning we obtain Eµ
n(X, T |π) ⊆ R

(n)
π \∆n(X).

In order to make clear the structure of Eµ
n(X, T |π) and the relationship between

Eµ
n(X, T |π) and En(X, T |π), we shall make some preparations. First, let us

recall the concept of relative Pinsker σ-algebra which is a generalization of the

classical Pinsker σ-algebra (see [Z] for more discussions).

Let (X, T ) be a TDS, µ ∈ M(X, T ) and A a T -invariant sub-σ-algebra of

B(X). The relative Pinsker σ-algebra Pµ(A) is defined as the smallest σ-algebra

containing {ξ ∈ PX : hµ(T, ξ|A) = 0}. Then Pµ(A) is a T -invariant σ-algebra

which contains Pµ ∪A where Pµ is the classical Pinsker σ-algebra of the system

(X, T ). In fact, the classical Pinsker formula still holds for the relative Pinsker

σ-algebra, and

(3.4) Pµ(A) =
∨

ξ∈PX

+∞
⋂

n=0

(T−nξ− ∨ A).

Thus Pµ(A) is just Pµ when A = {∅, X}. Moreover, let ξ ∈ PX ; we have

Hµ(ξ|ξ− ∨ Pµ(A)) = Hµ(ξ|ξ− ∨ A) = hµ(T, ξ|A).

Lemma 3.3: Let (X, T ) be a TDS, µ ∈ M(X, T ) and A a T -invariant sub-σ-

algebra of B(X). If ξ ∈ PX , then

lim
k→∞

hµ(T k, ξ|A) = Hµ(ξ|Pµ(A)).

Proof: Obviously lim supk→∞ hµ(T k, ξ|A) ≤ Hµ(ξ|Pµ(A)). On the other hand

lim inf
k→∞

hµ(T k, ξ|A) = lim inf
k→∞

Hµ

(

ξ|
+∞
∨

n=1

T−nkξ ∨A

)

≥ lim inf
n→∞

Hµ(ξ|T−nξ− ∨ A) ≥ Hµ

(

ξ|
+∞
⋂

n=0

(T−nξ− ∨ A)

)

≥ Hµ(ξ|Pµ(A)) (by (3.4)).

That is, limk→∞ hµ(T k, ξ|A) = Hµ(ξ|Pµ(A)).



258 W. HUANG, X. YE AND G. H. ZHANG Isr. J. Math.

Let n ∈ N and A be a given T -invariant sub-σ-algebra of B(X); we define a

new invariant measure λA
n (µ) on the product space X(n) which is determined

completely by

λA
n (µ)

( n
∏

i=1

Ai

)

=

∫

X

n
∏

i=1

E(1Ai
|Pµ(A))(x)dµ(x),

where A1, . . . , An ∈ B(X). The following lemma is fundamental in the study of

the structure of Eµ
n(X, T |π) which links Eµ

n(X, T |π) with λA
n (µ) (letting A =

π−1B(Y )), and the proof follows the ideas of the proofs in [G1] and in Lemma

4.3 and Theorem 4.6 of [HY2].

Lemma 3.4: Let π: (X, T ) → (Y, S) be a factor map between TDSs, µ ∈

M(X, T ) and U = {U1, U2, . . . , Un} ∈ CX . Set A = π−1B(Y ). Then the

following are equivalent:

1: hµ(T,U|π) > 0;

2: for any α ∈ PX , finer than U as a cover, one has hµ(T, α|A) > 0;

3: λA
n (µ)(

∏n
i=1 U c

i ) > 0.

Proof: From the definitions it is clear that 1 =⇒ 2.

Let us turn to the proof of 2 =⇒ 3. First assume that λA
n (µ)(

∏n
i=1 U c

i ) = 0

and hµ(T, α|A) > 0 for all α ∈ PX , finer than U as a cover.

For each 1 ≤ i ≤ n, let Ci = {x ∈ X : E(1Uc
i
|Pµ(A))(x) > 0} ∈ Pµ(A). Since

µ(U c
i \ Ci) = µ(U c

i ∩ (X \ Ci)) =

∫

X\Ci

E(1Uc
i
|Pµ(A))(x)dµ(x) = 0,

it implies µ(U c
i \ Ci) = 0, and so Di ∈ Pµ(A) and Dc

i ⊆ Ui; here Di =

Ci ∪ (U c
i \ Ci). Put Di(0) = Di, Di(1) = X \ Di. Set Ds =

⋂n
i=1 Di(s(i))

for all s = (s(1), s(2), . . . , s(n)) ∈ {0, 1}n and Dj
0 = (

⋂n
i=1 Di) ∩ (Uj \

⋃j−1
k=1 Uk)

for j = 1, . . . , n. Consider

α = {Ds : s ∈ {0, 1}n
and s 6= (0, 0, . . . , 0)} ∪ {D1

0, D
2
0, . . . , D

n
0 } ∈ PX .

Note that as a cover, α is finer than U , and so hµ(T, α|A) > 0.

On the other hand, by the definitions of C1, . . . , Cn, we have µ(
⋂n

i=1 Di) =

µ(
⋂n

i=1 Ci) and

0 = λA
n (µ)

( n
∏

i=1

U c
i

)

=

∫

X

n
∏

i=1

E(1Uc
i
|Pµ(A))(x)dµ(x)

=

∫T
n
i=1

Ci

n
∏

i=1

E(1Uc
i
|Pµ(A))(x)dµ(x).
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Thus, µ(
⋂n

i=1 Di) = µ(
⋂n

i=1 Ci) = 0 and so D1
0, D

2
0 , . . . , D

n
0 ∈ Pµ(A). Obvi-

ously, Ds ∈ Pµ(A) for each s ∈ {0, 1}n \ {(0, 0, . . . , 0)}. That is, each element

of α belonged to Pµ(A), and so hµ(T, α|A) = Hµ(α|α− ∨Pµ(A)) = 0, a contra-

diction.

It remains to prove 3 =⇒ 1. Since

λA
n (µ)

( n
∏

i=1

U c
i

)

=

∫

X

n
∏

i=1

E(1Uc
i
|Pµ(A))(x)dµ(x) > 0,

there exists M ∈ N such that µ(DM ) > 0, where

DM = {x ∈ X : min
1≤i≤n

E(1Uc
i
|Pµ(A))(x) ≥ 1/M} ∈ Pµ(A).

For any s = (s(1), s(2), . . . , s(n)) ∈ {0, 1}n
, set As =

⋂n
i=1 Ui(s(i)) where

Ui(0) = Ui and Ui(1) = X \ Ui. Let α = {As : s ∈ {0, 1}n}. Take

ε =
µ(DM )

M
log

( n

n − 1

)

> 0.

Similar to the claim of Theorem 4.6 in [HY2], we have

Claim: Hµ(α|β ∨ Pµ(A)) ≤ Hµ(α|Pµ(A)) − ε, for all β ∈ PX , finer than U as

a cover.

Lemma 3.3 makes it possible to choose some l ∈ N with

(3.5) hµ(T l, α|A) > Hµ(α|Pµ(A)) − ε/2.

Set S = T l. Let β ∈ PX with β � U . For all k ≥ 1, one has

Hµ

( k−1
∨

i=0

S−iβ|A

)

≥Hµ

( k−1
∨

i=0

S−i(β ∨ α)|Pµ(A)

)

− Hµ

( k−1
∨

i=0

S−iα|
k−1
∨

i=0

S−iβ ∨ Pµ(A)

)

≥Hµ

( k−1
∨

i=0

S−iα|Pµ(A)

)

−
k−1
∑

i=0

Hµ(S−iα|S−iβ ∨ Pµ(A))

≥Hµ

( k−1
∨

i=0

S−iα|Pµ(A)

)

− k(Hµ(α|Pµ(A)) − ε).

Dividing by k on both sides and letting k → +∞ we get

hµ(S, β|A) ≥ hµ(S, α|A) − Hµ(α|Pµ(A)) + ε > ε/2 (by (3.5)).
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Then

hµ(T,U|π)= inf
β∈PX ,β�U

hµ(T, β|A)≥ inf
β∈PX ,β�U

(1/ℓ)hµ(S, β|A) ≥ ε/2l > 0.

Remark 3.5: From 1 ⇔ 2, it is easy to see that (xi)
n
1 ∈ Eµ

n(X, T |π) iff for any

admissible partition α with respect to (xi)
n
1 we have hµ(T, α|π) > 0.

For n ≥ 2 we write λπ
n(µ) = λ

π−1B(Y )
n (µ). As an application of Lemma 3.4,

one has

Corollary 3.6: Let π: (X, T ) → (Y, S) be a factor map between TDSs and

µ ∈ M(X, T ). Then for each n ≥ 2

Eµ
n(X, T |π) = supp(λπ

n(µ)) \ ∆n(X).

Then by using (3.2), Lemma 3.4 and Corollary 3.6, we can get the following

ergodic decomposition of r.m.-entropy tuples:

Theorem 3.7: Let π: (X, T ) → (Y, S) be a factor map between TDSs and

µ ∈ M(X, T ). If µ =
∫

Ω
µωdm(ω) is the ergodic decomposition of µ, then

1: Eµω
n (X, T |π) ⊆ Eµ

n(X, T |π) for all n ≥ 2 and m-a.e. ω ∈ Ω.

2: If (xi)
n
1 ∈ Eµ

n(X, T |π), then for any neighborhood Vi of xi (1 ≤ i ≤ n)

m

({

ω ∈ Ω|
n

∏

i=1

Vi ∩ Eµω
n (X, T |π) 6= ∅

})

> 0.

Thus for an appropriate choice of Ω we can require

⋃

{Eµω
n (X, T |π) : ω ∈ Ω} \ ∆n(X) = Eµ

n(X, T |π).

One can prove the lift-up property of r.m.-entropy tuples following the proof

of Theorem 5 in [BGH]. Here we shall present a direct proof. First we need

Lemma 3.8: Let π: (X, T ) → (Y, S) be a factor map between TDSs. For each

m ∈ M(X) and V ∈ CX , we set Hm(V) = infα∈PX ,α�V Hm(α), P (V) = {β ∈

PX : γ(V) � β � V}, where γ(V) ∈ PX is the partition generated by V . If

U ∈ CX , µ ∈ M(X, T ) and µ =
∫

Y
µydν(y) is the disintegration of µ over

ν = πµ ∈ M(Y, S), then

Hµ(U|π) =

∫

Y

Hµy
(U)dν(y) =

∫

Y

min
α∈P (U)

Hµy
(α)dν(y).

Proof: Let W be a compact metric space and W ∈ CW . Let γ(W) be the

partition generated by W and put P (W) = {α ∈ PW : γ(W) � α � W}, which
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is a family of finite many partitions. Set Hm(W) = infα∈PW :α�W Hm(α) for

any Borel probability measure m on W . It is well-known that (see also the proof

of Proposition 6 in [Rm])

(3.6) Hm(W) = min
α∈P (W)

Hm(α).

Assume P (U) = {β1, β2, . . . , βl} and put

Ai = {y ∈ Y : Hµy
(βi) = min

β∈P (U)
Hµy

(β)}, i ∈ {1, 2, . . . , l}.

Let B1 = A1, B2 = A2 \ B1, . . . , Bl = Al \ (
⋃l−1

i=1 Bi) and B0 = Y \ (
⋃l

i=1 Al).

Set β∗ = {π−1(B0) ∩ β1} ∪ {π−1(Bi) ∩ βi : i = 1, . . . , l}. Then β∗ ∈ PX

and β∗ � U . Clearly, when i ∈ {1, 2, . . . , l}, for ν-a.e. y ∈ Bi, Hµy
(β∗) =

Hµy
(βi) = minβ∈P (U) Hµy

(β) = Hµy
(U) (the latter identity follows from (3.6)).

As ν(B0) = 0 (by (3.6)), we have Hµy
(β∗) = Hµy

(U) for ν-a.e. y ∈ Y . Moreover,

Hµ(U|π) ≤ Hµ(β∗|π−1B(Y )) =

∫

Y

Hµy
(β∗)dν(y) =

∫

Y

min
β∈P (U)

Hµy
(β)dν(y)

≤ inf
β∈PX :β�U

∫

Y

Hµy
(β)dν(y)= inf

β∈PX :β�U
Hµ(β|π−1B(Y )) = Hµ(U|π).

That is, Hµ(U|π) =
∫

Y
Hµy

(U)dν(y) =
∫

Y
minβ∈P (U) Hµy

(β)dν(y). This ends

the proof.

Then we have

Proposition 3.9: Let π1: (X, T ) → (Y, S) and π2: (Y, S) → (Z, R) be two

factor maps between TDSs. Suppose n ≥ 2, µ ∈ M(X, T ) and ν = π1µ ∈

M(Y, S). Then

1: Suppose (xi)
n
1 ∈ Eµ

n(X, T |π2π1) and yi = π1(xi), i = 1, . . . , n. If (yi)
n
1 /∈

∆n(Y ), then (yi)
n
1 ∈ Eν

n(Y, S|π2).

2: Suppose (yi)
n
1 ∈ Eν

n(Y, S|π2). Then there exists (xi)
n
1 ∈ Eµ

n(X, T |π2π1)

such that yi = π1(xi), i = 1, . . . , n.

Proof: 1 is clear by definition. Now we show 2. Assume (yi)
n
1 ∈ Eν

n(Y, S|π2).

Let V ∈ CY be fixed. We claim: Hµ(π−1
1 (V)|π2π1) = Hν(V|π2).

Proof of Claim: Set θ = π2ν ∈ M(Z, R). Let µ =
∫

Z
µzdθ(z) and ν =

∫

Z
νzdθ(z) be the disintegration of µ and ν over θ, respectively. Since π1µ = ν,

it is easy to see that π1µz = νz for θ-a.e. z ∈ Z. Note that P (π−1
1 V) = π−1

1 P (V);
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one has

Hµ(π−1
1 (V)|π2π1) =

∫

Z

min
α∈P (π−1

1
V)

Hµz
(α)dθ(z) (by Lemma 3.8)

=

∫

Z

min
β∈P (V)

Hµz
(π−1

1 β)dθ(z) =

∫

Z

min
β∈P (V)

Hπ1µz
(β)dθ(z)

=

∫

Z

min
β∈P (V)

Hνz
(β)dθ(z) = Hν(V|π2) (by Lemma 3.8).

This ends the proof of the claim.

For each sufficiently large m ∈ N, choose a closed neighborhood Vi of yi such

that the diameter of Vi is at most 1
m

(i = 1, . . . , n) and
⋂n

i=1 Vi = ∅. Set

V = {V c
1 , . . . , V c

n} ∈ Co
X . By Claim, for p ∈ N, Hµ(

∨p−1
i=0 T−iπ−1

1 (V)|π2π1) =

Hν(
∨p−1

i=0 S−iV|π2). Dividing by p on both sides and letting p → +∞, one

has hµ(T, π−1
1 (V)|π2π1) = hν(S,V|π2) > 0 using (3.1) and (yi)

n
1 ∈ Eν

n(Y, S|π2).

Then by Lemma 3.4, λπ2π1

n (µ)(
∏n

i=1 π−1
1 (Vi)) > 0. Therefore,

supp(λπ2π1

n (µ)) ∩
n

∏

i=1

π−1
1 (Vi) 6= ∅.

Since
⋂n

i=1 Vi = ∅, one deduces

Eµ
n(X, T |π2π1) ⊇ supp(λπ2π1

n (µ)) ∩
n

∏

i=1

π−1
1 (Vi) 6= ∅ (by Corollary 3.6).

Particularly, there exists (xm
i )n

1 ∈ Eµ
n(X, T |π2π1) such that xm

i ∈ π−1
1 (Vi)

(i = 1, . . . , n). Say (xi)
n
1 is a limit point of (xm

i )n
1 ; clearly yi = π1(xi),

i = 1, . . . , n and by Proposition 2.3 one has (xi)
n
1 ∈ Eµ

n(X, T |π2π1). This

just completes the proof.

4. The variational relation of relative entropy tuples and relative

topological Pinsker factor

In this section, it is proved that the set of r.t.-entropy tuples is just the union of

r.m.-entropy tuples over all invariant measures, and so the relative topological

Pinsker factor is in fact induced by the smallest icer containing the set of r.t.-

entropy pairs. As a by-product it turns out that an asymptotic or a distal

extension does not increase topological entropy.

Theorem 4.1: Let π: (X, T ) → (Y, S) be a factor map between TDSs. Then
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1: For each n ≥ 2 and µ ∈ M(X, T )

En(X, T |π) ⊇ Eµ
n(X, T |π) = supp(λπ

n(µ)) \ △n(X).

2: There exists µ ∈ M(X, T ) such that for each n ≥ 2

En(X, T |π) = Eµ
n(X, T |π)(= supp(λπ

n(µ)) \ △n(X)).

Proof: 1. Let (xi)
n
1 ∈ Eµ

n(X, T |π) = supp(λπ
n(µ)) \ △n(X). It is sufficient

to show htop(T,U|π) > 0 when U = {U1, . . . , Un} ∈ Co
X , where U c

i is a closed

neighborhood of xi, 1 ≤ i ≤ n. Since λπ
n(µ)(

∏n
i=1 U c

i ) > 0, we deduce from (3.3)

and Lemma 3.4 that

htop(T,U|π) ≥ hµ(T,U|π) > 0.

2. By part 1, it is enough to find some µ ∈ M(X, T ) such that En(X, T |π) ⊆

Eµ
n(X, T |π) for all n ≥ 2. Let n ≥ 2 be fixed. First we claim:

For any point (xi)
n
1 ∈ En(X, T |π) with Ui being the neighborhood of xi,

i = 1, . . . , n, there exists ν ∈ M(X, T ) such that Eν
n(X, T |π) ∩

∏n
i=1 Ui 6= ∅.

Proof of Claim: Without loss of generality, assume that Ui is a closed neigh-

borhood of xi with Ui ∩ Uj = ∅ when xi 6= xj and Ui = Uj when xi = xj ,

1 ≤ i < j ≤ n. Let U = {U c
1 , U c

2 , . . . , U c
n}. Thus htop(T,U|π) > 0. Moreover,

(3.3) ensures hν(T,U|π) = htop(T,U|π) > 0 for some ν ∈ M(X, T ). Then

λπ
n(ν)(

∏n
i=1 Ui) > 0 (by Lemma 3.4), i.e. supp(λπ

n(ν)) ∩
∏n

i=1 Ui 6= ∅. Since
∏n

i=1 Ui ∩ ∆n(X) = ∅, from Corollary 3.6 we have Eν
n(X, T |π) ∩

∏n
i=1 Ui 6= ∅.

This ends the proof of the claim.

Now choose a dense sequence {(xm
i )n

1 : m ∈ N} in En(X, T |π) with (xm
i )n

1 ∈

E
µm

n
n (X, T |π) for some µm

n ∈ M(X, T ). Let µ =
∑+∞

n=2
1

2n−1 (
∑+∞

m=1
1

2m µm
n ) ∈

M(X, T ). Note that if µ, ν ∈ M(X, T ), a ∈ (0, 1), then for any α ∈ PX

(4.1) haµ+(1−a)ν(T, α|π) = ahµ(T, α|π) + (1 − a)hν(T, α|π).

Thus for n ≥ 2, m ∈ N, E
µm

n
n (X, T |π) ⊆ Eµ

n(X, T |π) follows from (4.1). More-

over,

En(X, T |π) = {(xm
i )n

1 : m ∈ N} \∆n(X) ⊆ supp(λπ
n(µ))\∆n(X) = Eµ

n(X, T |π).

The conclusion is now deduced.

Let π: (X, T ) → (Y, S) be a factor map between TDSs. (Z, R) is called a factor

of (X, T ) with respect to (Y, S) if there exist factor maps π1: (X, T ) → (Z, R)
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and π2: (Z, R) → (Y, S) between TDSs such that π = π2 ◦ π1. In this case, we

say that (Z, R) is proper if π2 is nontrivial.

Relying on the foregoing discussions, now it is time to mention the existence

of the relative topological Pinsker factor for any given factor map.

Let π: (X, T ) → (Y, S) be a factor map between TDSs. Based on the ideas of

u.p.e. and c.p.e. extensions, in [GW2] Glasner and Weiss introduced the relative

topological Pinsker1 factor (Xπ, T ) and proved that (Xπ, T ) and (Y, S) have the

same topological entropy, where (Xπ , T ) is the TDS generated by the smallest

icer containing E2(X, T )∩Rπ (that is, (Xπ, T ) is the “greatest”topological fac-

tor between (X, T ) and (Y, S) whose fibers contain no entropy pairs). Later on

in [LS] Lemanczyk and Siemaszko presented another approach leading to the

definition of the relative topological Pinsker2 factor. Let P be the smallest icer

contained in Rπ with hµ(XP , T ) = hπP (µ)(Y, S) for all µ ∈ M(XP , T ), where

(XP , T ) is the system generated by P and πP : (XP , T ) → (Y, S) denotes the nat-

ural homomorphism. Moreover, it is shown in [LS] that the systems (XP , T ) and

(Y, S) also have the same topological entropy. It turns out that (Xπ, T ) is always

a factor of (XP , T ). Just after [LS], in [PS] Park and Siemaszko interpreted the

relative topological Pinsker2 factor using relative measure-theoretical entropy

and proved that P was just generated by
⋃

µ∈M(X,T ) supp(λπ
2 (µ)). Thus by

Corollary 3.6 and Theorem 4.1, the relative topological Pinsker2 factor is just the

factor induced by the smallest icer containing E2(X, T |π), the set of r.t.-entropy

pairs. That is, (XP , T ) is the “greatest”topological factor between X and Y

whose fibers contain no r.t.-entropy pairs. It implies that htop(XP |πP ) = 0, and

consequently (XP , T ) and (Y, S) have the same topological entropy.

By using some known theorems we can show (see, for example, [HY2], or

Lemma 3.1 in [DYZ])

Proposition 4.2: Let π: (X, T ) → (Y, S) be a factor map between TDSs and

µ ∈ Me(X, T ) with hµ(T |π) > 0. Then λπ
n(µ) is ergodic and λπ

n(µ)(∆n(X)) = 0,

∀n ≥ 2.

Remark 4.3: For each n ≥ 2, (xi)
n
1 ∈ En(X, T |π) is called intrinsic if xi 6= xj

when i 6= j. Denote by Ee
n(X, T |π) the set of all intrinsic r.t.-entropy n-tuples.

Then following the proof of Theorem 6.5 in [HY2] and using the corresponding

results obtained in this paper (including Proposition 4.2) one can show that

En(X, T |π)=Ee
n(X, T |π) \∆n(X) for all n ≥ 2. In particular, if htop(T |π) > 0,

then Ee
n(X, T |π) 6= ∅ for each n ≥ 2. Moreover, following the proof of Lemma

4.1 in [DYZ], one can prove that there is an uncountable subset K of X such

that each tuple from K is a r.t.-entropy tuple.
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We now apply Proposition 4.2 to show that an asymptotic or a distal extension

does not increase entropy. First we need some notions. Let (X, T ) be a TDS

and d be the metric on X . A pair (x, y) ∈ X(2) is called asymptotic (resp.

distal) if limn→+∞ d(T nx, T ny) = 0 (resp. lim infn→+∞ d(T nx, T ny) > 0) and

the pair (x, y) is proper if x 6= y. Denote by AP (X, T ) and D(X, T ) the set of

all asymptotic pairs and distal pairs of (X, T ), respectively; then AP (X, T ) is

a T × T -invariant Borel subset of X(2). A factor map π: X → Y is asymptotic

(resp. distal) if Rπ ⊂ AP (X, T ) (resp. Rπ \ ∆2(X) ⊂ D(X, T )). We have

Theorem 4.4: Let π: (X, T ) → (Y, S) be a factor map between TDSs. If π is

asymptotic or distal, then htop(T |π) = 0 and thus htop(T ) = htop(S).

Proof: It follows from Theorem 4.2 in [Z]. But here we present a direct proof

of it using Proposition 4.2.

Assume first that π is asymptotic. Then Rπ⊂AP (X, T ), and so E2(X, T |π) ⊂

Rπ ⊂ AP (X, T ). We claim that E2(X, T |π) = ∅. Assume the contrary that

E2(X, T |π) 6= ∅. Then the relative variational principle ensures that there is µ ∈

Me(X, T ) with hµ(T |π) > 0. It follows by Proposition 4.2 that λπ
2 (µ) is ergodic

and λπ
2 (µ)(∆2(X)) = 0. Thus, supp(λπ

2 (µ)) is a transitive system, properly

contains ∆2(X). This implies that there is a pair in supp(λπ
2 (µ)) \ ∆2(X) ⊂

E2(X, T |π) which is not asymptotic, a contradiction. So E2(X, T |π) = ∅. It

follows that htop(T |π) = 0 and htop(T ) = htop(S).

When π is distal, the same proof works.

5. Relative c.p.e. extensions

In this section, we shall define rel.-c.p.e. extension based on the notion of r.t.-

entropy pairs. The main result of this section is Theorem 5.4, which says roughly

that for a rel.-c.p.e. extension, each fibre either is a singleton or is fully sup-

ported.

Definition 5.1: Let π: (X, T ) → (Y, S) be a nontrivial factor map between

TDSs. We say π has relative completely positive entropy (for short rel.-c.p.e.)

if (Z, R) has positive relative topological entropy with respect to (Y, S) for any

proper factor (Z, R) of (X, T ) with respect to (Y, S). In this case, we also say

that (X, T ) has rel.-c.p.e. with respect to (Y, S).

Remark 5.2: It is clear that rel.-u.p.e. implies rel.-c.p.e. Properties of rel.

-u.p.e. and rel.-c.p.e. are both stable under factor maps. Precisely, let
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π: (X, T ) → (Y, S) be a given factor map between TDSs, if π has property

P (P denotes one of the properties: rel.-u.p.e. and rel.-c.p.e.) and (Z, R) is a

proper factor of (X, T ) with respect to (Y, S); then (Z, R) also has property

P with respect to (Y, S). Note that rel.-u.p.e. (resp. rel.-c.p.e.) recovers u.p.e.

(resp. c.p.e.) introduced in [B1], when (Y, S) is trivial.

A rel.-c.p.e. extension can be characterized as follows.

Proposition 5.3: Let π: (X, T ) → (Y, S) be a nontrivial factor map between

TDSs. Then (X, T ) has rel.-c.p.e. with respect to (Y, S) iff Rπ coincides with

the icer generated by E2(X, T |π) ∪ ∆2(X).

Proof: Let R be the icer generated by E2(X, T |π) ∪ ∆2(X). Clearly, R ⊆ Rπ.

Let π1: (X, T ) → (Z, Θ) be the factor map determined by R. Since R ⊆

Rπ, there exists an extension π2: (Z, Θ) → (Y, S) such that π2π1 = π. By

Proposition 2.3, htop(θ|π2) = 0. Hence if (X, T ) has rel.-c.p.e. with respect to

(Y, S), then π2 is trivial and so R = Rπ.

Conversely, assume R = Rπ . Then π1 = π. For any proper factor (Z, R) of

(X, T ) with respect to (Y, S), let θ1: (X, T ) → (Z, R) and θ2: (Z, R) → (Y, S)

with θ2θ1 = π. Now we show that htop(R|θ2) > 0, which implies π has rel.-c.p.e.

If not, then we have htop(R|θ2) = 0. Hence E2(Z, R|θ2) = ∅. By Proposition

2.3, θ1 × θ1(E2(X, T |π)) ⊆ ∆2(Z). Hence E2(X, T |π) ∪ ∆2(X) ⊆ Rθ1
. Since

Rθ1
is an icer on X , so Rθ1

⊇ R. This implies Rθ1
= Rπ, i.e. θ1 = π. Moreover,

θ2 is one-to-one, a contradiction.

Let (X, T ) be a TDS and µ ∈ M(X, T ). Recall that supp(µ) stands for

the support of µ, and when supp(µ) = X , we say µ has full support. Denote
⋃

µ∈M(X,T ) supp(µ) by supp(X, T ), and note that there is µ ∈ M(X, T ) with

supp(X, T ) = supp(µ). It is known that if (X, T ) has c.p.e., then for any

nonempty open subset U ⊆ X there exists µ ∈ M(X, T ) such that µ(U) > 0,

and so supp(X, T ) = X (see Corollary 7 of [B1]). In the following, we shall

generalize the result to the relative case.

Let π: (X, T ) → (Y, S) be a factor map between TDSs. Then π induces

π∗: M(X, T ) → M(Y, S) where π∗(µ) = πµ. Moreover, π∗ is surjective and

for any µ ∈ M(X, T ), supp(πµ) = π(supp(µ)) and π−1(supp(πµ)) ⊇ supp(µ).

Similarly, supp(Y, S) = π(supp(X, T )) and π−1(supp(Y, S)) ⊇ supp(X, T ). In

general, the identity doesn’t hold. But if the factor map π has some good prop-

erties (for example rel.-c.p.e.), then the identity holds. Before stating Theorem

5.4, we recall some notations.
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Let (X, T ) be a TDS. (X, T ) is called transitive if for any given pair (U, V ) of

nonempty open subsets of X , N(U, V ) = {n ∈ Z+ : U∩T−nV 6= ∅} is nonempty.

x ∈ X is called a transitive point of (X, T ) if the orbit of x, {x, Tx, T 2x, . . .}, is

dense in X . Denote by Tran(X, T ) the set of all transitive points. It is well-

known that the system (X, T ) is transitive iff Tran(X, T ) forms a dense Gδ

subset of X . (X, T ) is called minimal if Tran(X, T ) = X , that is, each orbit is

dense in the space. x ∈ X is called a minimal point of (X, T ) if the sub-system

{x, Tx, T 2x, . . .} is minimal. (X, T ) is called weakly mixing if (X ×X, T ×T ) is

transitive. Let π: (X, T ) → (Y, S) be a factor map between TDSs. We say π is

weakly mixing (or call (X, T ) a weakly mixing extension of (Y, S)) if (Rπ , T ×T )

is transitive, and call π weakly mixing of all orders if (R
(n)
π , T (n)) is transitive

for each n ≥ 2.

Theorem 5.4: Let π: (X, T ) → (Y, S) be a factor map between TDSs. Suppose

that π has rel.-c.p.e. Then

1: π−1(supp(Y, S)) = supp(X, T ), i.e.

∀y ∈ supp(Y, S), π−1(y) ⊂ supp(X, T ).

2: For each y ∈ Y \ supp(Y, S), π−1(y) is a singleton.

3: Consequently, X is fully supported iff so is Y , and X is fully supported

when π is weakly mixing.

We remark that the second situation can occur; see, for example, Remark 6.3

(assuming that (Y, S) is supported on the fixed point p). The proof of Theorem

5.4 is completed by the following two lemmas.

Lemma 5.5: Let π: (X, T ) → (Y, S) be a factor map between TDSs and π has

rel.-c.p.e. Suppose that µ ∈ M(X, T ) satisfies Eµ
2 (X, T |π) = E2(X, T |π). Then

π−1(y) is a singleton for all y ∈ Y \ supp(πµ).

Proof: Let (x1, x2) ∈ E2(X, T |π) and y = π(x1) = π(x2). We claim that

y ∈ supp(πµ). Assume the contrary that y ∈ Y \supp(πµ), i.e. x1, x2 /∈ supp(µ).

Then we can find closed neighborhoods Ui of xi such that U1 ∩ U2 = ∅ and

µ(Ui) = 0, i = 1, 2. Let α = {U1, U
c
1}. It is clear that α is an admissible parti-

tion with respect to (x1, x2) and hµ(T, α|π) = 0. Hence (x1, x2) /∈ Eµ
2 (X, T |π) =

E2(X, T |π), a contradiction.

Let R =
⋃

y∈supp(πµ)(π
−1(y) × π−1(y)) ∪ ∆2(X). By what we just proved

it follows that E2(X, T |π) ∪ ∆2(X) ⊆ R. Note that R ⊆ Rπ is an icer on X .

So R contains the icer generated by E2(X, T |π) ∪ ∆2(X), and so R = Rπ by
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Proposition 5.3, as π has rel.-c.p.e. This implies that
⋃

y∈Y \supp(πµ)

(π−1(y) × π−1(y)) ⊆ R \
⋃

y∈supp(πµ)

(π−1(y) × π−1(y)) ⊆ ∆2(X),

i.e. π−1(y) contains only one point for all y ∈ Y \ supp(πµ).

Lemma 5.6: Let π: (X, T ) → (Y, S) be a factor map between TDSs and π

has rel.-c.p.e. Suppose that µ ∈ M(X, T ) satisfies Eµ
2 (X, T |π) = E2(X, T |π).

Then supp(µ) = π−1(supp(πµ)). In particular, µ has full support iff πµ has full

support.

Proof: The idea of the proof is inspired by that of Proposition 6 in [B1].

Suppose the contrary that there exists x0 ∈ π−1(supp(πµ)) \ supp(µ). Take

an open neighborhood V of x0 with µ(V ) = 0 and put U =
⋃

n∈ZT n(V ). Then

U is open with µ(U) = 0. Clearly, U ∩ supp(µ) = ∅, i.e. supp(µ) ⊆ U c. Since

π(x0) ∈ supp(πµ) = π(supp(µ)) ⊆ π(U c), there is x1 ∈ U c with π(x1) = π(x0).

Using Urysohn’s Lemma, we construct a continuous map f : X → [0, 1] such

that f(x0) = 0 and f(x) = 1 on U c. Define F : X → [0, 1]Z by

(F (x))n = f(T nx) for all x ∈ X and n ∈ Z.

Define π1: X → [0, 1]Z× Y by letting π1(x) = (F (x), π(x)) for all x ∈ X . Now

endow W = π1(X) with the transformation σ × S, where σ is the shift map on

[0, 1]Z, i.e. σ((zn)n∈Z) = (zn+1)n∈Z for (zn)n∈Z∈ [0, 1]Z. It is easy to see that

(W, σ×S) is a TDS and π1: (X, T ) → (W, σ×S) is a factor map between TDSs.

Let π2: W → Y be the projection to the second coordinate. Then

π2: (W, σ × S) → (Y, S)

is a factor map and π = π2π1. Since U c is T -invariant, F (U c) = {1Z}. Partic-

ularly, F (x1) = 1Z 6= F (x0). Moreover, π1(x0) 6= π1(x1). Combining this fact

and the equality π2(π1(x0)) = π(x0) = π(x1) = π2(π1(x1)), one knows that π2

is a nontrivial extension.

Since π has rel.-c.p.e., π2 is a nontrivial rel.-c.p.e. extension. By Propostion

5.3, Rπ2
is the smallest icer on W generated by E2(W, σ×S|π2)∪∆2(W ). Since

Rπ2
6= ∆2(W ) and ∆2(W ) is an icer on W , E2(W, σ × S|π2) 6= ∅. Note that

Eπ1µ
2 (W, σ × S|π2) = π1(E

µ
2 (X, T |π)) \ ∆2(X) (by Proposition 3.9)

= π1(E2(X, T |π)) \ ∆2(X)

= E2(W, σ × S|π2) (by Proposition 2.3)

6= ∅,
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there exist y ∈ Y and w1 6= w2 ∈ π−1
2 (y) such that (w1, w2) ∈ Eπ1µ

2 (W, σ×S|π2).

Without loss of generality, we assume that w1 6= (1Z, y), i.e. w1 6∈ {1Z} × Y .

Since F (U c) = {1Z}, π1(U
c) ⊆ {1Z} × Y . Moreover,

supp(π1µ) = π1(supp(µ)) ⊆ π1(U
c) ⊆ {1Z} × Y ;

this implies that w1 6∈ supp(π1µ). Thus we can find closed neighborhoods Ui

of wi such that U1 ∩ U2 = ∅ and π1µ(U1) = 0. Let α = {U1, U
c
1}. Then

α is an admissible partition with respect to (w1, w2). Since π1µ(U1) = 0,

hπ1µ(T, α|π2) = 0. Hence (w1, w2) /∈ Eπ1µ
2 (W, σ × S|π2), a contradiction.

Now we are ready to prove Theorem 5.4.

Proof of Theorem 5.4: By Theorem 4.1, there exists µ1 ∈ M(X, T ) with

Eµ1

2 (X, T |π) = E2(X, T |π). Clearly, there exists µ2 ∈ M(X, T ) such that

supp(πµ2) = supp(Y, S). Let µ = 1
2 (µ1 + µ2). Then µ ∈ M(X, T ), supp(πµ) ⊇

supp(πµ2) and Eµ
2 (X, T |π) ⊇ Eµ1

2 (X, T |π); the last inequality comes from the

fact that for any α ∈ PX , the relative entropy map ν ∈ M(X, T ) 7→ hν(T, α|π)

is an affine map. So supp(πµ) = supp(Y, S) and Eµ
2 (X, T |π) = E2(X, T |π).

Therefore by Lemma 5.5 and Lemma 5.6, 1 and 2 are proved. In particular, X

is fully supported iff so is Y .

To end the proof assume that π is weakly mixing. By 1, it suffices to show

supp(Y, S) = Y . Since π has rel.-c.p.e., it is nontrivial. If supp(Y, S) ( Y , using

1 and 2 we have

{(x, x) : x ∈ X \ supp(X, T )} = (π × π)−1({(y, y) : y ∈ Y \ supp(Y, S)})

is a nonempty open subset of Rπ , and so Rπ = ∆2(X) (as {(x, x) : x ∈

X \ supp(X, T )} ⊆ ∆2(X) and π is weakly mixing), i.e. π is a trivial exten-

sion, a contradiction.

Let π: (X, T ) → (Y, S) be a nontrivial factor map between TDSs. Recall that

in [GW2] π is called an entropy-generated extension if Rπ coincides with the

icer generated by ((E2(X, T ) ∪ ∆2(X)) ∩ Rπ. As E2(X, T |π) ⊆ E2(X, T ), by

Proposition 5.3 if π has rel.-c.p.e. then π is an entropy-generated extension.

Let (Z, R) be a proper factor of (X, T ) with respect to (Y, S) with π = π2◦π1,

where π1: (X, T ) → (Z, R) and π2: (Z, R) → (Y, S). Denote by Iπ2
the icer

generated by ((E2(Z, R)∪∆2(Z))∩Rπ2
. It is clear that (π1 × π1)

−1(Iπ2
) forms

an icer containing ((E2(X, T ) ∪ ∆2(X)) ∩ Rπ. Then π2 is also an entropy-

generated extension if π is an entropy-generated extension. Thus following the
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same idea as in Theorem 5.4, Lemma 5.5 and Lemma 5.6 we have the following

result, which is stronger than Theorem 5.4.

Theorem 5.7: Let π: (X, T ) → (Y, S) be a factor map between TDSs. Suppose

that π is an entropy-generated extension. Then

1: Suppose that µ ∈ M(X, T ) satisfies Eµ
2 (X, T )∩Rπ = E2(X, T )∩Rπ. Then

supp(µ) = π−1(supp(πµ)) and π−1(y) is a singleton (∀y /∈ supp(πµ)).

2: supp(X, T )=π−1(supp(Y, S)) and π−1(y) is a singleton (∀y /∈ supp(Y, S)).

3: If π is weakly mixing, then supp(X, T ) = X .

A TDS (X, T ) is called an E-system if it is transitive and supp(X, T ) = X .

It is well-known that a minimal system is an E-system and the product of an

E-system with a weakly mixing system is transitive (see [GW1, GW3]). As a

direct corollary of Theorem 5.7, we have

Corollary 5.8: Let π: (X, T ) → (Y, S) be a factor map between transitive

TDSs and π an entropy-generated extension. Then (X, T ) is an E-system iff so

is (Y, S).

6. Relative u.p.e. extensions

An interesting result obtained in [B1] is that u.p.e. implies weak mixing, which

makes clearer how topological entropy is woven into the general pattern of topo-

logical dynamics. Does the corresponding result hold in some general setting,

which is a natural question that arises immediately in one’s mind when think-

ing about the relative case? In this section, we will give a partial answer to the

question using the ideas and results obtained in [G1] and [PS].

First, let us recall a definition which appeared first in [GW2] as a generaliza-

tion of u.p.e. which is different from ours in the paper. Let π: (X, T ) → (Y, S)

be a factor map between TDSs. π is called a u.p.e. extension if Rπ \ ∆2(X) ⊆

E2(X, T ). Note that E2(X, T |π) ⊆ E2(X, T ), and hence π is a u.p.e. extension

when π has rel.-u.p.e. The following lemma comes from Remark of Lemma 4.8

and Corollary 5.7 in [HSY].

Lemma 6.1: Let (X, T ) be a TDS. If (x1, x2) ∈ E2(X, T ), then for any infi-

nite sequence F of Z+ and any open neighborhood Ui of xi, i = 1, 2, one has

N(U1, U2) ∩ (F − F ) 6= ∅, where F − F = {a − b ≥ 0 : a, b ∈ F}.

Let π: (X, T ) → (Y, S) be a factor map between TDSs. We say π is semi-

open, if for any nonempty open subset U , int(π(U)) 6= ∅. Any factor map
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π: (X, T ) → (Y, S), where X is minimal, is semi-open. The following lemma

may be viewed as the motivation of this section.

Lemma 6.2: Let π: (X, T ) → (Y, S) be a semi-open factor map between TDSs

and π be a u.p.e. extension. Then (Z ×X, R×T ) is transitive iff (Z ×Y, R×S)

is transitive, where (Z, R) is a TDS.

Proof: It remains to show the transitivity of R × S implies that of R × T . To

do this, it suffices to prove that for any nonempty open sets U1, U2 of Z and

V1, V2 of X , N(U1 × V1, U2 × V2) 6= ∅.

Let U1, U2 and V1, V2 be the subsets mentioned above. Since π is semi-open,

Wi := int(π(Vi)) 6= ∅, i = 1, 2. Moreover, there exists n ∈ N such that U1 ×

W1 ∩ R−nU2 × S−nW2 6= ∅, as R × S is transitive. Put U = U1 ∩ R−nU2.

Then U is a nonempty open subset of Z. Take z ∈ U ∩ Tran(Z, R) (R × S is

transitive). Then F := N(z, U) = {i ∈ Z+ : Ri(z) ∈ U} is infinite. It is clear

that N(U1, R
−nU2) ⊇ N(U, U) = F − F .

Since W1 ∩ S−nW2 6= ∅ and S−nπ(V2) = π(T−nV2), we have

π(V1) ∩ π(T−nV2) 6= ∅.

There are two cases:

Case 1: V1 ∩ T−nV2 6= ∅. In this case n ∈ N(U1 × V1, U2 × V2) 6= ∅.

Case 2: V1 ∩ T−n(V2) = ∅. Since π(V1) ∩ π(T−nV2) 6= ∅, there exist x1 ∈ V1

and x2 ∈ T−nV2 with π(x1) = π(x2). Since π is a u.p.e. extension, (x1, x2) ∈

E2(X, T ). By Lemma 6.1, N(V1, T
−nV2) ∩ (F − F ) 6= ∅. Hence N(U1 ×

V1, R
−nU2 × T−nV2) = N(V1, T

−nV2) ∩ N(U1, R
−nU2) 6= ∅. Note that N(U1 ×

V1, U2×V2) ⊇ N(U1×V1, R
−nU2×T−nV2)+n. Thus, N(U1×V1, U2×V2) 6= ∅.

This finishes the proof.

Remark 6.3: The assumption of semi-openness is necessary in the above lemma.

For example, let (Y, S) be a nontrivial transitive system having a fixed point p

and (Z, R) = ({0, 1}Z, σ) be the full shift on two symbols. By identifying the

point 0Z in Z with the point p in Y we get a new compact metric space X . There

exists a natural transformation T on X such that T |Y = S and T |{0,1}Z= σ.

Clearly, (X, T ) is not transitive. Now let π: X → Y with π(x) = p if x ∈ {0, 1}Z
and π(x) = x if x ∈ Y . Then π: (X, T ) → (Y, S) is a factor map and it is easy

to see that π has rel.-u.p.e., as ({0, 1}Z, σ) has u.p.e.
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Let (X, T ) be a TDS. We say (X, T ) is mildly mixing if its product with

any transitive system is transitive (see, for example, [GW4], [HY1]). As an

application of Lemma 6.2, it is not hard to obtain

Corollary 6.4: The following two statements hold.

1: Let π: (X, T ) → (Y, S) be a semi-open factor map between TDSs. If π is

a u.p.e. extension, then (X, T ) is transitive (resp. weakly mixing, mildly

mixing) iff (Y, S) is transitive (resp. weakly mixing, mildly mixing).

2: In general, let πi: (Xi, Ti) → (Yi, Si) (1 ≤ i ≤ n) be n given u.p.e.

extensions between TDSs. If all πi (1 ≤ i ≤ n) are semi-open, then

(X1 × · · · × Xn, T1 × · · · × Tn) is transitive (resp. weakly mixing, mildly

mixing) iff (Y1 ×· · ·×Yn, S1×· · ·×Sn) is transitive (resp. weakly mixing,

mildly mixing).

Proof: We only prove 1 in the situation when (Y, S) is weakly mixing, and

the other cases can be proved in a similar way. In the case S × S is transitive,

and hence by Lemma 6.2, we know that S × T and consequently T × S is

transitive. Using Lemma 6.2 again we get that T × T is transitive, i.e. T is

weakly mixing.

By the definitions, it is clear that if π is a u.p.e. extension then π is an

entropy-generated extension. Then with the help of Theorem 5.3, using Lemma

6.2 we are able to give a similar result as Corollary 5.8 directly.

Corollary 6.5: Let π: (X, T ) → (Y, S) be a semi-open factor map between

TDSs and π be a u.p.e. extension. Then (X, T ) is an E-system iff so is (Y, S).

In the remaining part of the section we focus on the question when a rel.-

u.p.e. extension is a weakly mixing one. Let (X, T ) be a TDS and µ ∈ M(X, T ).

Denote

s2
µ = (supp(µ) × supp(µ)) ∩ ∆2(X), s2

X = (supp(X, T ) × supp(X, T )) ∩ ∆2(X).

Let π: (X, T ) → (Y, S) be a factor map between TDSs; we shall write Eµ
2 (π) =

Eµ
2 (X, T |π) for short if there is no ambiguity.

Let πi: (Xi, Ti) → (Y, S) (i = 1, 2) be two factor maps between TDSs. Recall

that

X1 ×Y X2 = {(x1, x2) ∈ X1 × X2 : π1(x1) = π2(x2)} and

T1 ×Y T2: X1 ×Y X2 → X1 ×Y X2 with (x1, x2) 7→ (T1x1, T2x2).
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Then (X1 ×Y X2, T1 ×Y T2) forms a TDS. Denote by π1 ×Y π2 the factor map

induced naturally by π1 and π2, i.e.

π1 ×Y π2: (X1 ×Y X2, T1 ×Y T2) → (Y, S) with (x1, x2) 7→ π1(x1).

Assume µi ∈ M(Xi, Ti) (i = 1, 2) satisfy π1(µ1) = π2(µ2) = ν ∈ M(Y, S). Let

µi =
∫

Y
µi,ydν(y) be the disintegration of µi over ν for i = 1, 2. Set

µ1 ×ν µ2 =

∫

Y

µ1,y × µ2,ydν(y);

then µ1 ×ν µ2 ∈ M(X1 ×Y X2, T1 ×Y T2), and for simplicity write

Eµ1×νµ2

2 (π1 ×Y π2) = Eµ1×νµ2

2 (X1 ×Y X2, T1 ×Y T2|π1 ×Y π2),

E2(π1 ×Y π2) = E2(X1 ×Y X2, T1 ×Y T2|π1 ×Y π2).

The above definitions can be generalized naturally to the case of given n factor

maps.

In the remainder of the section, for any given two TDSs (X1, T1) and (X2, T2),

we shall often identify the two product spaces (X1 × X2) × (X1 × X2) and

(X1 × X1) × (X2 × X2) via the canonical isomorphism: ((x1, x2), (x
′
1, x

′
2)) 7→

((x1, x
′
1), (x2, x

′
2)). The identification for given n-TDSs (n ≥ 2) works similarly.

Lemma 6.6: The following statements hold.

1: Let πi: (Xi, Ti) → (Y, S) (i = 1, 2) be two factor maps between TDSs and

µi ∈ M(Xi, Ti) satisfy π1(µ1) = π2(µ2) = ν ∈ M(Y, S). Then

Eµ1×νµ2

2 (π1 ×Y π2)

=(Eµ1

2 (π1) ×Y Eµ2

2 (π2)) ∪ (Eµ1

2 (π1) ×Y s2
µ2

) ∪ (s2
µ1

×Y Eµ2

2 (π2)).

2: Let πi: (Xi, Ti) → (Y, S) (i = 1, 2) be two factor maps between TDSs.

Then

E2(π1 ×Y π2) = (E2(π1)×Y E2(π2))∪ (E2(π1)×Y s2
X2

)∪ (s2
X1

×Y E2(π2)).

Proof: Part 1 follows from the proof of Lemma 2 in [PS]. Now we aim to prove

part 2.

Take µ′
i ∈ M(Xi, Ti) (i = 1, 2) such that E

µ′

i

2 (πi) = E2(πi). Without loss of

generality assume supp(µ′
i) = supp(Xi, T ) (i = 1, 2) and so s2

µ′

i
= s2

Xi
.

Let νi = πi(µ
′
i), then νi ∈ M(Y, S) (i = 1, 2). It is well-known that there

exists µ∗
i ∈ M(Xi, Ti), i = 1, 2 such that π1(µ

∗
1) = ν2 and π2(µ

∗
2) = ν1. Set

µi = 1
2 (µ′

i+µ∗
i ), i = 1, 2 and ν = 1

2 (ν1+ν2). Then µi ∈ M(Xi, Ti), ν ∈ M(Y, S),
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and πi(µi) = ν (i = 1, 2). Obviously, Eµi

2 (πi) ⊇ E
µ′

i

2 (πi) and s2
µi

⊇ s2
µ′

i
for

i = 1, 2. Hence Eµi

2 (πi) = E2(πi) and s2
µi

= s2
Xi

for i = 1, 2. Thus

E2(π1 ×Y π2)

⊆(E2(π1) ×Y E2(π2)) ∪ (E2(π1) ×Y s2
X2

)

∪ (s2
X1

×Y E2(π2)) (by Proposition 2.3)

=(Eµ1

2 (π1) ×Y Eµ2

2 (π2)) ∪ (Eµ1

2 (π1) ×Y s2
µ2

) ∪ (s2
µ1

×Y Eµ2

2 (π2))

=Eµ1×νµ2

2 (π1 ×Y π2) (by part 1) ⊆ E2(π1 ×Y π2).

That is, E2(π1×Y π2) = (E2(π1)×Y E2(π2))∪(E2(π1)×Y s2
X2

)∪(s2
X1

×Y E2(π2)).

Denote X1 ×Y · · · ×Y Xn (resp. T1 ×Y · · · ×Y Tn) by
∏n

i=1(Xi)Y (resp.
∏n

i=1(Ti)Y ). Now we are ready to prove the main result of the section.

Theorem 6.7: Let πi: (Xi, Ti) → (Y, S) have rel.-u.p.e. and supp(Y, S) = Y ,

1 ≤ i ≤ n. Then (
∏n

i=1(Xi)Y ,
∏n

i=1(Ti)Y ) also has rel.-u.p.e. with respect to

(Y, S). If in addition all πi are open, then (
∏n

i=1(Xi)Y ,
∏n

i=1(Ti)Y ) is transitive

iff so is Y .

Consequently, if π: (X, T ) → (Y, S) is open and has rel.-u.p.e., then π is

weakly mixing iff π is weakly mixing of all orders iff (Y, S) is an E-system

(applying Theorem 5.4).

Proof: It is sufficient to consider the case when n = 2 for the first part of

the theorem. Since (Xi, Ti) has rel.-u.p.e. and supp(Y, S) = Y , it follows that

supp(Xi, Ti) = Xi, i = 1, 2 (by Theorem 5.4). Then E2(πi) = Rπi
\ ∆2(Xi)

and s2
Xi

= ∆2(Xi), i = 1, 2. So

Rπ1×Y π2
\ ∆X1×Y X2

= (Rπ1
×Y Rπ2

) \ ∆X1×Y X2

=((Rπ1
\ ∆X1

)×Y (Rπ2
\ ∆X2

))∪((Rπ1
\ ∆X1

)×Y ∆X2
)∪(∆X1

×Y (Rπ2
\ ∆X2

))

=(E2(π1) ×Y E2(π2)) ∪ (E2(π1) ×Y s2
X2

) ∪ (s2
X1

×Y E2(π2)).

Thus Rπ1×Y π2
\ ∆X1×Y X2

= E2(π1 ×Y π2) (by Lemma 6.6 (2)), i.e. π1 ×Y π2

has rel.-u.p.e.

When π1 and π2 are open, π1×Y π2 is also open. Since π1×Y π2 has rel.-u.p.e.,

and so it is a u.p.e. extension. If (Y, S) is transitive, then (X1 ×Y X2, T1 ×Y T2)

is transitive following from Lemma 6.2.
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7. Products of relative u.p.e. and c.p.e. extensions

In this final section we shall show that the finite product of rel.-u.p.e. extensions

(resp. rel.-c.p.e. extensions) has rel.-u.p.e. (resp. rel.-c.p.e.) iff all factor systems

have invariant measures with full support. We start with the discussion on the

product of u.p.e. extensions defined by Glasner and Weiss. The following lemma

will be used.

Lemma 7.1: Let (Xi, Ti) (i = 1, 2) be two TDSs. Then

E2(X1 × X2) = (E2(X1) × E2(X2)) ∪ (E2(X1) × s2
X2

) ∪ (s2
X1

× E2(X2)).

Proof: The lemma was obtained by Glasner (see Theorem 3 of [G1] or Theorem

19.24 of [G2] for more details).

Let πi: (Xi, Ti) → (Yi, Si) (1 ≤ i ≤ n) be n factor maps between TDSs.

Define
n

∏

i=1

πi:

n
∏

i=1

Xi →
n

∏

i=1

Yi

such that
∏n

i=1 πi(x1, . . . , xn) = (π1(x1), . . . , πn(xn)) for each (x1, . . . , xn) ∈
∏n

i=1 Xi; then
∏n

i=1 πi : (
∏n

i=1 Xi,
∏n

i=1 Ti) → (
∏n

i=1 Yi,
∏n

i=1 Si) is a factor

map between TDSs.

Now we show the property of u.p.e. extension is preserved by finite product.

Theorem 7.2: Let πi: (Xi, Ti) → (Yi, Si) (1 ≤ i ≤ n) be n given u.p.e. exten-

sions between TDSs. If supp(Yi, Si) = Yi (1 ≤ i ≤ n), then
∏n

i=1 πi is a u.p.e.

extension.

Proof: It is enough to show the case when n = 2. Since πi: (Xi, Ti) → (Yi, Si)

(i = 1, 2) are u.p.e. extensions, Rπ1
\ ∆2(X1) ⊆ E2(X1) and Rπ2

\ ∆2(X2) ⊆

E2(X2).

Let ((x1, x2), (x
′
1, x

′
2)) ∈ Rπ1×π2

\ ∆2(X1 × X2). Without loss of generality

assume x1 6= x′
1. As any u.p.e. extension is an entropy-generated extension,

by Theorem 5.7 one has supp(X2, T2) = X2. Then s2
X2

= ∆2(X2), and so by

Lemma 7.1

((x1, x2), (x
′
1, x

′
2)) ∈ ((Rπ1

\ ∆2(X1)) × Rπ2

= (Rπ1
\ ∆2(X1)) × (Rπ2

\ ∆2(X2))) ∪ (Rπ1
\ ∆2(X1)) × ∆2(X2))

⊆ (E2(X1) × E2(X2)) ∪ (E2(X1) × s2
X2

) ⊆ E2(X1 × X2).

That is, Rπ1×π2
\ ∆2(X1 × X2) ⊆ E2(X1 × X2), i.e. π1 × π2 is a u.p.e.

extension.
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If (ξi : i ∈ I) is a countable family of finite partitions of X , then ξ =
∨

i∈I ξi is

called a measurable partition. The collection of all sets B ∈ B(X), which is the

union of some atoms of ξ, forms a sub-σ-algebra of B(X). By [Rh], every sub-

σ-algebra of B(X) coincides with a σ-algebra constructed in this way outside a

set of µ-measure zero. Thus sometimes we shall denote them just by the same

symbol. Particularly, we can associate each sub-σ-algebra G to a measurable

partition of X (also denoted by G, but in general we can’t ensure G ∈ PX). For

any given measurable partition ξ of (X,B(X), µ, T ), put ξ− =
∨+∞

i=1 T−iξ and

ξT =
∨+∞

i=−∞ T−iξ. We say ξ is a generating partition if ξT is equal to B(X)

outside a set of µ-measure zero.

To study the product of rel.-u.p.e. and rel.-c.p.e. extensions defined in our

paper we need a result similar to Lemma 7.1, whose proof depends on the

following result. Let π: (X, T ) → (Y, S) be a factor map between TDSs and

µ ∈ M(X, T ). Denote by Pµ(π) the relative Pinsker σ-algebra Pµ(π−1B(Y )).

Lemma 7.3: Let πi: (Xi, Ti) → (Yi, Si) be two factor maps between TDSs and

µi ∈ M(Xi, Ti) (i = 1, 2). Then

Pµ1×µ2
(π1 × π2) = Pµ1

(π1) × Pµ2
(π2).

Proof: On the one hand, it is obvious that Pµ1
(π1) × {∅, X2}, {∅, X1} ×

Pµ2
(π2) ⊆ Pµ1×µ2

(π1 × π2), and so Pµ1
(π1) × Pµ2

(π2) ⊆ Pµ1×µ2
(π1 × π2).

On the other hand, by Lemma 3.7 of [Z], (Xi,B(Xi), Ti, µi) admits a generat-

ing partition Pi with Pi ⊇ π−1
i B(Yi) and Pµi

(πi) =
⋂+∞

n=0 T−n
i P−

i (i = 1, 2).

Note that P−
1 × P−

2 ⊇ (π1 × π2)
−1B(Y1 × Y2) is a generating partition of

(X1 × X2,B(X1 × X2), µ1 × µ2, T1 × T2). Then we have (using Lemma 3.6

of [Z])

Pµ1×µ2
(π1 × π2) ⊆

⋂

n≥0

(T1 × T2)
−n(P−

1 × P−
2 )

⊆
⋂

n≥0

(T−n
1 P−

1 × B(X2)) = Pµ1
(π1) × B(X2).

Similarly, we have Pµ1×µ2
(π1 × π2) ⊆ B(X1) × Pµ2

(π2). Thus

Pµ1×µ2
(π1×π2) ⊆ (Pµ1

(π1)×B(X2))∩ (B(X1)×Pµ2
(π2)) = Pµ1

(π1)×Pµ2
(π2).

This means Pµ1×µ2
(π1 × π2) = Pµ1

(π1) × Pµ2
(π2).

Theorem 7.4: Let πi: (Xi, Ti) → (Yi, Si) (i = 1, 2) be two factor maps between

TDSs. Then we have
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1: Suppose µi ∈ M(Xi, Ti) (i = 1, 2). Then

Eµ1×µ2

2 (π1×π2) = (Eµ1

2 (π1)×Eµ2

2 (π2))∪(Eµ1

2 (π1)×s2
µ2

)∪(s2
µ1
×Eµ2

2 (π2)).

2: E2(π1 × π2) = (E2(π1) × E2(π2)) ∪ (E2(π1) × s2
X2

) ∪ (s2
X1

× E2(π2)).

Proof: 1. Assume that µi =
∫

Zi
(µi)zi

dνi(zi) is the disintegration of µi over

the measure-theoretical relative Pinsker factor (Zi, νi) of πi (i = 1, 2). Then

λπi

2 (µi) =

∫

Zi

(µi)zi
× (µi)zi

dνi(zi).

By Lemma 7.3, it is clear that µ1 × µ2 =
∫

Z1×Z2

(µ1)z1
× (µ2)z2

dν1(z1)dν2(z2)

is the disintegration of µ1 × µ2 over the measure-theoretical relative Pinsker

factor (Z1 × Z2, ν1 × ν2) of π1 × π2. Via the canonical isomorphism introduced

in section 6 we have

λπ1×π2

2 (µ1 × µ2) =

∫

Z1×Z2

((µ1)z1
× (µ2)z2

) × ((µ1)z1
× (µ2)z2

)dν1(z1)dν2(z2).

This implies λπ1×π2

2 (µ1 × µ2) = λπ1

2 (µ1) × λπ2

2 (µ2), whence

supp(λπ1×π2

2 (µ1 × µ2)) = supp(λπ1

2 (µ1)) × supp(λπ2

2 (µ2)).

Moreover,

Eµ1×µ2

2 (π1 × π2)

= supp(λπ1×π2

2 (µ1 × µ2)) \ ∆2(X1 × X2) (by Corollary 3.6)

= (supp(λπ1

2 (µ1)) × supp(λπ2

2 (µ2))) \ (∆2(X1) × ∆2(X2))

= (supp(λπ1

2 (µ1)) \ ∆2(X1) × supp(λπ2

2 (µ2)) \ ∆2(X2))

∪ (supp(λπ1

2 (µ1)) \ ∆2(X1) × s2
µ2

) ∪ (s2
µ1

× supp(λπ2

2 (µ2)) \ ∆2(X2))

= (Eµ1

2 (π1)×Eµ2

2 (π2)) ∪ (Eµ1

2 (π1)×s2
µ2

) ∪ (s2
µ1
×Eµ2

2 (π2)) (by Corollary 3.6).

2. Take µi ∈ M(Xi, Ti) such that Eµi

2 (πi) = E2(πi) and s2
µi

= s2
Xi

(i = 1, 2).

Then

E2(π1 × π2) ⊇ Eµ1×µ2

2 (π1 × π2)

= (Eµ1

2 (π1) × Eµ2

2 (π2)) ∪ (Eµ1

2 (π1) × s2
µ2

) ∪ (s2
µ1

× Eµ2

2 (π2)) (by part 1)

= (E2(π1) × E2(π2)) ∪ (E2(π1) × s2
X2

) ∪ (s2
X1

× E2(π2))

⊇ E2(π1 × π2) (by Proposition 2.3).

This means E2(π1×π2)=(E2(π1)×E2(π2))∪(E2(π1)×s2
X2

)∪(s2
X1

×E2(π2)).

Let (X, T ) be a TDS and ∅ 6= R ⊆ X ×X . Denote by 〈R〉 the icer generated

by R. The following lemma is well-known (for example, Lemma 1 of [PS]).
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Lemma 7.5: Let (Xi, Ti) (i = 1, 2) be two TDSs and ∆2(Xi) ⊆ Ai ⊆ Xi × Xi.

Then 〈A1 × A2〉 = 〈A1〉 × 〈A2〉.

With the above preparations, we have

Theorem 7.6: Let πi: (Xi, Ti) → (Yi, Si) be two factor maps between TDSs.

1: If π1 and π2 are both rel.-c.p.e., then π1 × π2 is also rel.-c.p.e. iff

supp(Yi, Si) = Yi (i = 1, 2).

2: If π1 and π2 are both rel.-u.p.e., then π1 × π2 is also rel.-u.p.e. iff

supp(Yi, Si) = Yi (i = 1, 2).

Proof: We shall give a proof of part 1. Part 2 follows from similar discussions.

Let R (resp. R1, R2) be the icer generated by E2(π1 × π2) ∪ ∆2(X1 × X2)

(resp. E2(π1) ∪ ∆2(X1), E2(π2) ∪ ∆2(X2)). For i = 1, 2, set

Wi
.
= {(x1, x2) ∈ Xi × Xi : πi(x1) = πi(x2) ∈ supp(Yi, Si)}.

As π1 and π2 are both rel.-c.p.e., by Proposition 5.3 and Theorem 5.4 one has

Ri = Rπi
and Wi \ ∆2(Xi) = Rπi

\ ∆2(Xi) 6= ∅, i = 1, 2.

First assume that supp(Yi, Si) = Yi (i = 1, 2). By Theorem 5.4, supp(Xi, Ti)

= Xi (i = 1, 2). Using Theorem 7.4 we obtain

E2(π1 × π2) ∪ ∆2(X1 × X2) = (E2(π1) ∪ ∆2(X1)) × (E2(π2) ∪ ∆2(X2)),

which implies that R = R1 × R2 = Rπ1×π2
(by Lemma 7.5), i.e. π1 × π2 is

rel.-c.p.e. (by Proposition 5.3).

Now assume that π1 × π2 is rel.-c.p.e. and so R = Rπ1×π2
(by Proposition

5.3). Set

W
.
= ∆2(X1 × X2) ∪

2
∏

i=1

Wi ⊆ Rπ1×π2
.

It is not hard to obtain that W is an icer containing E2(π1×π2)∪∆2(X1×X2).

Then W = Rπ1×π2
, and so

(W1 \ ∆2(X1)) × {(x, x) ∈ X2 × X2 : π2(x) /∈ supp(Y2, S2)} ⊆ Rπ1×π2
\ W = ∅,

which implies supp(Y2, S2) = Y2, as W1 \∆2(X1) 6= ∅. Similarly, supp(Y1, S1) =

Y1. This finishes the proof.
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8. Appendix

In the appendix, following the ideas in [BHR] we will discuss the relationship

between r.t.-entropy pairs and asymptotic pairs. We shall only give a brief

description; the reader can refer to [BHR] for more details.

Let (X, T ) be a TDS, µ ∈ M(X, T ) and G be a sub-σ-algebra of B(X).

Define the conditional product µ ×G µ of µ relative to G to be the measure on

(X(2),B(X)× B(X)) determined completely by

for all A, B ∈ B(X), µ ×G µ(A × B) =

∫

X

E(1A |G)(x)E (1B |G)(x)dµ(x).

Clearly, µ×G µ is a probability measure, its two projections on X are both equal

to µ, and supp(µ×G µ) ⊇ {(x, x) ∈ X(2) : x ∈ supp(µ)}. Since µ is T -invariant,

and E(1A |G)(Tx) = E(1T−1A|T
−1G)(x) for µ-a.e. x ∈ X,

we have µ×T−1G µ = (T ×T )−1(µ×Gµ). Moreover, the measure µ×Gµ is T ×T -

invariant if G is T -invariant (i.e. G = T−1G). In fact, by standard arguments,

for each pair of bounded Borel functions f, g on X one has
∫

X×X

f(x)g(y)d(µ ×G µ)(x, y) =

∫

X

E(f |G)(x)E (g|G)(x)dµ(x).

For any sub-σ-algebra G′ of B(X), we set

∆G′ = {(x1, x2) ∈ X × X : x1 and x2 belong to one and the same atom of G′}.

If (Gn)n∈N is a decreasing sequence of sub-σ-algebras of B(X) with
⋂

n≥1 Gn = G,

then for all A, B ∈ B(X) one has

lim
n→∞

µ ×Gn
µ(A × B) = µ ×G µ(A × B),

and the sequence (µ×Gn
µ)n∈N converges weakly to µ×G µ (Lemma 5 of [BHR]).

Moreover, in the sense of neglecting a subset of measure zero, ∆G ∈ B(X)×B(X)

and µ ×G µ is concentrated on ∆G (Lemma 6 of [BHR]).

Now let π: (X, T ) → (Y, S) be a factor map between TDSs and µ ∈ M(X, T ).

Lemma 3.7 in [Z] tells us that (X,B(X), T, µ) admits a generating partition

P with P ⊇ π−1B(Y ) and Pµ(π−1B(Y )) =
⋂+∞

n=0 T−nP− such that any pair of

points belonging to the same atom of P− is asymptotic. Moreover, if hµ(T |π) >

0 then the σ-algebra P− and Bµ do not coincide up to sets of µ-measure zero,

where Bµ is the completion of B(X) under µ. Thus in the notations of the above

discussions, we have ∆P− ⊆ AP (X, T ) ∩ Rπ. Put

Fn = T−nP− and νn = µ ×Fn
µ for all n ≥ 0.
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Then we have

∆Fn
= (T × T )−n∆F ⊆ AP (X, T ) ∩ Rπ and νn = (T × T )−nν0.

Thus νn is concentrated on AP (X, T ) ∩ Rπ. Since λπ
2 (µ) = µ ×Pµ(π−1B(Y )) µ

and the decreasing sequence (Fn)n≥0 of sub-σ-algebras of B(X) satisfies

⋂

n≥0

Fn =
+∞
⋂

n=0

T−nP− = Pµ(π−1B(Y )),

we have, as n → ∞, νn(A × B) → λπ
2 (µ)(A × B) for all A, B ∈ B(X) and the

sequence (νn)n≥0 of measures on X(2) converges weakly to λπ
2 (µ).

Lemma 8.1: Let π: (X, T ) → (Y, S) be a factor map between TDSs and µ ∈

M(X, T ). Suppose that Q = {A1, A2} ∈ PX satisfies hµ(T, Q|π) > 0. Then

there exist x1 ∈ A1 and x2 ∈ A2 such that (x1, x2) ∈ AP (X, T ) ∩ Rπ.

Proof: Assume the contrary: (A1×A2)∩AP (X, T )∩Rπ = ∅. In the notations of

the above discussions, since for all n ≥ 0, νn is concentrated on AP (X, T )∩Rπ,

and so νn(A1 × A2) = 0 for all n ≥ 0. Then

λπ
2 (µ)(A1 × A2) = lim

n→∞
νn(A1 × A2) = 0.

By Lemma 3.4, hµ(T, Q|π) = 0, a contradiction.

As an application of Lemma 8.1, one has

Proposition 8.2: Let π2: (X, T ) → (Y, S) and π1: (Y, S) → (Z, θ) be two fac-

tor maps between TDSs. Suppose Rπ2
⊇AP (X, T )∩Rπ1π2

. Then htop(S|π1) = 0.

Proof: Assume the contrary: htop(S|π1) > 0. By (3.3) there exists ν ∈

M(Y, S) and Q = {A1, A2} ∈ PY such that hν(S, Q|π1) > 0. Let µ ∈ M(X, T )

satisfy π2µ = ν. Then hµ(T, π−1
2 (Q)|π1π2) = hν(S, Q|π1) > 0. By Lemma 8.1,

there exist xi ∈ π−1
2 (Ai), i = 1, 2 such that (x1, x2) ∈ AP (X, T ) ∩ Rπ1π2

. Since

Rπ2
⊇ AP (X, T ) ∩ Rπ1π2

, (x1, x2) ∈ Rπ2
. So π2(x1)(= π2(x2)) ∈ A1 ∩ A2, a

contradiction with Q ∈ PY .

The following theorem interprets the relationship between the set of r.t.-

entropy pairs and the set of asymptotic pairs.
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Theorem 8.3: Let π: (X, T ) → (Y, S) be a factor map between TDSs. Then

E2(X, T |π) ⊆ AP (X, T ) ∩ Rπ.

Proof: By Theorem 4.1, there exists µ ∈ M(X, T ) such that Eµ
2 (X, T |π) =

E2(X, T |π). Using the notations of the above discussions to such µ, since

(νn)n≥0 converges weakly to λπ
2 (µ), and νn(AP (X, T ) ∩ Rπ) = 1 for all n ≥ 0,

we get λπ
2 (µ)(AP (X, T ) ∩ Rπ) = 1 and so supp(λπ

2 (µ)) ⊆ AP (X, T ) ∩ Rπ.

Thus Eµ
2 (X, T |π) ⊆ AP (X, T ) ∩ Rπ follows from the fact of Eµ

2 (X, T |π) =

supp(λπ
2 (µ))\∆2(X) (Corollary 3.6). Obviously, R1 ⊇ R2. Ends the proof.
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